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Intuitionistic fuzzy distance measures play a fundamental role in modeling un-
certainty in multi-criteria decision-making; however, most existing measures do
not explicitly exploit hesitation information, which may limit their ability to dis-
tinguish alternatives under uncertain conditions. To address this limitation, this
study introduces two novel intuitionistic fuzzy distance measures, namely the Eu-
clidean hesitance distance and the Hamming hesitance distance. Unlike conven-
tional approaches that primarily rely on membership and non-membership de-
grees, the proposed measures explicitly incorporate hesitation, providing a more
comprehensive representation of uncertainty and ambiguity. Their mathemati-
cal properties are formally established to ensure theoretical consistency and ap-
plicability in decision-making environments. To demonstrate their practical use-
fulness, the proposed measures are applied to an environmental sustainability
assessment problem, where evaluations are often characterized by incomplete,
vague, and conflicting information. A systematic algorithm is developed to com-
pute and compare the sustainability performance of multiple regions using both
distance measures. The application illustrates how incorporating hesitation infor-
mation enhances the representation of uncertainty and supports a more informa-
tive evaluation process. The proposed framework extends the methodological
foundations of intuitionistic fuzzy distance measures and provides an effective
tool for sustainability assessment and other decision-making problems involving
uncertain and ambiguous information.
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1. Introduction

Zadeh [1] developed the fuzzy set (FS) theory to handle unpredictability and ambiguity in daily
existence and calculating a fuzzy element’s significance using membership degrees. Pedrycz [2] pre-
sented the fundamentals of fuzzy-set ideas. McBratney & Odeh [3] introduced a method of selecting
materials for use in soil also fuzzy measurement-based sciences and fuzzy logic. Kabir and Papadopou-
los investigated the use of FSs to ensure security and reliability engineering [4]. To deal with this,
Atanassov [5] proposed IFSs, a modification of Zadeh’s FS. Likewise [6],2which was distinguished by
the simultaneous presence of a membership function and a non-membership function. Furthermore,
the complexity and unpredictability of the material at hand make it inappropriate for specialists to
properly convey their conclusions when dealing with many real-world concerns, it is important to use
exact figures. This finding led Atanassov and Gargov [7]. The normalized IF distance measure (IFDM)
and the IF similarity measure (IFSM), which are two dual ideas [8], are crucial instruments for evaluat-
ing the variations of IFSs for making decisions. As Szmidt et al. [9] shown in terms of the advantages of
membership, because of its flexibility in managing ambiguity, IFS provides a method for more human-
consistent reasoning. Data mining, pattern identification, image processing, and decision-making have
all made use of IFSs.

Consequently, Chen et al.[10] developed many suitable for higher-level double hesitant fuzzy sets
(HODHFS) and put forth the idea of HODHFS. those who benefit from situations where ambiguity and
uncertainty need a more sophisticated approach to membership and nonmembership. A new DM was
defined by Xiao in the IFSs [11] environment. Alkan and Kahraman developed an IF multi-distance met-
ric based on cosine and Euclidean DM [12] developed the application decision-making method, which
included the selection of waste disposal destinations. The author introduced a novel IFDM and cre-
ated a pattern categorization approach based on Gohain et al. IFDM [13] talked about their potential
uses in pattern detection, grouping, and decision-making. MADM has made extensive use of IF mea-
sures [14]. However, only a small number of distance measurements account for personal preferences
in the intricate decision-making process. The concept of nonlinear PFDMs is cited by Dutta et al. [15]
discussed how can help with medical diagnostics, pattern recognition, and selecting COVID-19 drugs.
Yin et al. introduced an DM framework based on Pythagorean FSs. Ejegwa and Awolola expanded
PFDMs by including conventional PFS criteria [16]. IFSs build on classical fuzzy sets by include degrees
of membership, non-membership, and reluctance have all made use of these collections [17], used
them to solve problems in medical diagnostics and pattern recognition. IFSs extend classical fuzzy
sets by include degrees of membership, non-membership, and reluctance. Used the recommended
DM Pattern recognition issues. Li et al. [18] introduced novel DMs and similarity measurements for
PFSs.

In order to facilitate pattern detection, Hatzimichailidis et al. [19] suggested a distance metric for IFSs.
Geometric insights were provided by Yang et al. [20] as investigated consistency between 2D and 3D
distances.In order to evaluate credit risk, Shen et al. [21] improved the intuitionistic fuzzy TOPSIS tech-
nique by adding a new distance metric. An enhanced similarity metric for IFSs was presented by Song
et al. [22], improving accuracy and dependability. By suggesting an improved distance metric for IFSs,
this study expands on previous research. The global maximum and lowest variations in membership,
non-membership, and hesitation degrees between two IFSs are taken into account by the innovative
IFSM that was established by Patel et al. [23]. Using a circular IF VIKOR method, Wang and Chen [24]
created a compromise decision-support strategy that addresses MCDM under uncertainty. The com-
plex fuzzy hesitance distance measure (CFHDM) and the complex fuzzy Euclidean hesitance distance
measure (CFEHDM), which Khan et al. [25] introduced as new distance measures based on complex
fuzzy sets, broaden the current complex fuzzy distance measures by include hesitation values. These
metrics were used to tackle difficult decision-making issues, providing a solid approach to managing
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complexity in the real world. Thao et al. [26] proposed a novel DMIFSs based on the score function of
IF numbers, which addresses the constraints of previous approaches and is applied to pattern recog-
nition, multi-criteria decision-making, and classification problems. Patel et al. [27] developed a new
similarity measure for IFSs that successfully captures the degrees. This approach was applied to pat-
tern recognition and multimodal medical image fusion, resulting in increased performance in dealing
with uncertainty and integrating several medical imaging modalities. Zhang and Huang [28] created
clustering methods based on distance and entropy measures for IFSs, which they used to similarity
matrix clustering and demonstrated increased performance in dealing with data uncertainty.

It is clear from the research that is currently available that the majority of distance measures for IFSs
concentrate primarily on the membership and non-membership degrees, with the hesitation compo-
nent being not used. Hesitancy, however, is essential for capturing the underlying ambiguity found in
actual expert assessments. This work fills this gap by introducing two new hesitation-based distance
measures that explicitly include hesitation degrees in the distance calculations they areZHDMIF and
the EHDMIF. The mathematical formulation, characteristics, and comparative analysisZare thoroughly
examined, and their usefulness in making decisions in the real world under uncertainty is illustrated
by using a multi-criteria environmental sustainability assessment problem. By developing hesitation
distance measure in the framework of IF MCDM, our study closes a significant gap.

1.1 Research Gap and Motivation

Robust distance measures that specifically take hesitation in IFSs into account are lacking in the
current literature. Instead of including reluctance into the fundamental framework of the distance cal-
culation, the majority of current models handle it as a secondary or derived value. Furthermore, there
aren’t many studies that show how these hesitation-based techniques might improve the quality of
decisions in real-world settings like healthcare, energy planning, and environmental sustainability. By
providing a theoretical and practical framework for hesitancy-aware distance estimates, this research
closes this gap. In uncertain and confusing decision-making contexts, effectively recording the level of
resemblance or dissimilarity between choices is critical. DMIFSs are important in this context because
they account for not just membership and non-membership degrees, but also the intrinsic uncertain-
ties seen in expert judgments. These metrics offer a more refined and accurate method for comparing
IF information, allowing decision-makers to make well-informed decisions even when preferences are
ambiguous or contradictory. When addressing MCDA problems, which need making decision based
on a variety of occasionally conflicting criteria, they are particularly beneficial. By applying fuzzy logic
concepts, they also assist managers in describing and managing uncertainty in an efficient manner. Ad-
ditionally, they offer a variety of potential assessments for every option, which aids decision-makers
in communicating uncertainty more effectively and producing more reliable decision results.

1.2 Contribution

Two significant developments in IFDM are presented in this study. First, the two novel distance
measures are presented namely, the HDMIF and EHDMIF . By directly including hesitation degrees,
these measures deviate from IFDM and enable a more precise representation of doubt and indecision
in expert evaluations. Second, the theoretical validity of the suggested models is guaranteed by their
mathematical formulation and demonstration of satisfaction with the basic characteristics of distance
functions. Additionally, a number of extended forms are developed to improve analytical flexibility
in addressing different decision circumstances, such as max, min, and max-min. An application in
environmental sustainability assessment, where the decision-making process involves evaluating re-
gions based on pollution levels, climate vulnerability, and economic development potential, is used
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to demonstrate the efficacy of the suggested approaches and the findings validate the precision and
applicability of the suggested techniques by confirming that the economic development potential cri-
terion receives the greatest sustainability score. Finally, A comparison and reduction analysis shows
that the suggested measures maintain logical consistency with earlier models when hesitation is zero,
reducing to the standard NHDMIFS and NEHDMIFS.

2. Preliminaries

Definition 1 [1] Let M be a non empty set. A FS T is defined as T = [t,Tr(t) : t € M]. Where
Tr(t) : M — [0, 1] denotes the truth grade of T for any element t € M.

Definition 2 [5] Let M be an non empty set.An IFS T is defined as T' = [(t, (Trr(t), Fr(t))) : t € M].
Where Tr(t) : M — [0,1] and Fr(t) : M — [0, 1] denotes truth grade and false grade of T for any
element t € M, and satisfied the condition 0 < (Tr(t) + Fr(t)) < 1. In the grade value of IFS T, the
term my(t) is said to be an term of membership function, the term nr(t) is said to be an term of non
membership function note that both these functions are real-valued and my(t), nr(t) € [0,1]. The
Hesitance degree of IFS T is denoted by hr(t) and is given by for membership function,

hr(z) = [(1 —mr(x)) — nr(z))]

Definition 3 [6] Let T’ and I, be two IFS on T, ;) = mp, )y and T,y = My, Fry) = nry and
Fry) = nqy) their grade values. The intersection of Ty and Ty is denoted by Ty N T5 and is defined
by a function

Ty NTy = {t,min(mp,(t1), mr,(t2)), max(ng, (t1), np,(te)) : t € M}

Definition 4 [6] Let T’ and T be two IFS on T, 1y = myp, (t) and T,y = may (t), Fry ) = nr, (t) and
Fryu) = nr, (t) their grade values. The union of T} and T is denoted by T} U T5 and is defined by a
function

Ty U Ty = {t,max(myg, (t1), mp,(t2)), min(ny, (t1), np,(te)) : t € M}

Definition 5 [6] Let T be a IFS on M and Tr(t) = my(t) and Fr(t) = nr(t) its grade value. The
complement of a IFS T  is expressed by T and is given by for membership,

T = {t,nT(t),mT(t) it e M}

Definition 6 [6] Let T’ and T be two IFSs and T, ;) = mr, (t) and Tr, ) = mp,(t), Fr) = nr (t)
and Fr, ) = nr, (t) represent their grade value. The product of Ty and T is T o T; defined by,

TioT, = {t, mry (t).mT2 (t), nr, (t) + ng, (t) — np (t).?”LTQ (t) 1t e M}

Definition 7 [6] Let T} and T’ be two IFSs and Ty, vy = mq, (t) and T,y = mp,(t), Fr,) = nr, (t)
and Fr,) = nr,(t) represent their grade value. The probabilistic sum of Ty and T is Ty + T’ defined
by membership function,

T1 + T2 = {t, mm (t) + mr, (t) — mp (t).mT2 (t), nm (t).TLT2 (t) it e M}
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3. Intuionistic Fuzzy Distance Measures

The hesitance degree, an intuionistic fuzzy measure for distance that is novel in fuzzy reasoning
are commonly accustomed to express the degree of unwillingness or ambiguity about a specific pref-
erence. Hesitancy degrees are commonly employed to convey the level of uncertainty or hesitation
over a certain preferences or decision. When hesitation values and DMs are taken into account, they
frequently pertain to circumstances in which likenesses or preferences are range-based rather than
absolute. Hesitancy values can be added to DMs when the individual making the decision is unsure
of each criterion’s weight or relative relevance. while making judgments involving many criteria. Val-
ues can be added to DMs when working with data points that are not exactly part of one cluster
but are somewhat part of other clusters. Selecting a measure that accurately depicts the ambiguity
or delay in the context of the particular problem or solution is essential. Fuzzy logic approaches or
similar methods are commonly employed to address ambiguity and imperfection in the data. When
assessing strings or sequences, hesitancy measures are frequently employed to demonstrate the level
to match uncertainty. This is especially crucial in cases when there can be ambiguity or insufficient
matches, which could lead to inaccurate information retrieval or linkage. In the framework of IFSs,
we provide a few special DMs that are referred to as fuzzy DMs with a hesitation degree. Fuzzy and
imperfect distance calculations based on intuition Euclidean hesitancy degree measurements in rela-
tion to IFSs. Fuzzy and imperfect distance calculations based on intuition Euclidean hesitancy degree
measurements with relation to IFSs.

3.1 Intuitionistic Fuzzy Hesitance Distance Measures

Definition 8 [29] HDMIFSs is a function with dy : T(M) x T(M) — [0,1]and dy : T(N) x T(N) —
[0,1]. Forany Ty, T5,T5 € T(M)&T(N) the following condition should be satisfied.

i. 0< dH(Tl,Tg) <1, dH(Tl,Tg) =01 =1,
ji. dg(Ty,Ts) = dp(Ts,T1)
jii. dy(Th,T5) < dp(T1, 1) + du(Ts, T3)

>t | My (si) = My (s0) | + | Nry(si) = Nay(si) | + | by (50) — by (s1) |]

dg (T, Ty) = 3n (1)
Example 1
0.6,0.2 0.4,0.5 0.5,0,2
T — ) ) ) )
1= 0 + 4 + i )
0.3,0.4 0.8,0.1 0.6,0.2
Ty = (—20) 4 (Fo0) + ()
1 2 3
0.6 — 0.3] +10.2 — 0.4] + |0.2 — 0.3|
+]0.4 —0.8] +|0.5 — 0.1| + 0.1 — 0.1]
+]0.5 —0.6] +|0.2 — 0.2] + 0.3 — 0.2]
dy (Th,T3) =

3n

- [0.3+0.2—|—0.1+0.4+O.4+0+0.1—|—0+0.1] — 0177
- 3(3) T

dy(Ty, Ty) = 0.177
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Theorem 1 The function defined in Equation (1) is an distance function
i. First, dy(T1,T,) > 0is obviously true.

on 1 | My (si) = Mz, (s:) | + | Ny (s:) = Noy(si) | + | hry (s0) — by (s0) ]
3n

dg(T1,T3) =

A

1+1+1

n=1

0<dy(T,Tr) <1

Sl My (si) = My (si) | + | Ny (s:) = Ny (si) | + | hry (s0) — hy (s0) |]

dg(T1,T3) = ™
_ nll My (s5) = May (i) | + | Nry(si) = Nay (s3) | + | by (si) — by (s3) |]
3n
=dy(T>,T1)
du(Th, Tz) = % Z [[| Mr, (s:) = My, (i) | + | Niy(si) — Ny (i) | + | by (si) — hay(s3) ]

i | [ Mz, (si) = Mz (si) + My (si) — Mry(s4) |
= — Z + ’ NT1 (Sl) — NT3<31') + NT3<Si) - NTQ(‘Si)
n=1 |+ | th (Sz) — hT3 (Sz) | + | hT3 (Sz) - hT2 (‘91)

%

|
I

1 | M, (5) — My (51 | 1 | My (5) — My (51 |
=5 22 L ) o T o) 5 ¥ 2 L | ) o) 1 s o) — iy 5

=dy(T1,T3) + du(15,13)

Definition 9 [29] A EHDMIFSs is a function with dgy : T(M) x T(M) — [0,1] and dgy : T(N) X
T(N) — [0,1]. Forany Ty, T»,T5 € T(M) and Ty, T,, T3 € T(N) the following condition should be
satisfied.

i. 0<dy(Ty,T3) <1,
” dEH(Tl,TQ) - O = T1 - T2
jii. dgH(Ty,Ty) = dy (T, T1)

iv. dEH(Tl,Tg) S dH(Tl,TQ) + dH(TQ,Tg)

(2)

dEH(Tl,TQ _ \/Z;_l[(Mﬂ (Sz) - MTz(Si))2 + (NTéf(,jl) — NT2 (Si)>2(hT1(Si) _ th(Sz’))z]
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Example 2
0.6,0.2 0.4,0.5 0.5,0,2
T — ) ) Y )
1= 31 * to * i3 )
0.3,0.4 0.8,0.1 0.6,0.2
Ty = (=) + () + ()
1 2 3
(0.6 — 0.3)2 4 (0.2 — 0.4)2 + (0.2 — 0.3)?
+(0.4 — 0.8)2+ (0.5 — 0.1)> + (0.1 — 0.1)?
+(0.5 —0.6)% + (0.2 — 0.2)> + (0.3 — 0.2)?
dy (T, Ts) =

3n

= 0.0533

B \/ [(0.3)2 + (0.2)2 + (0.1)2 + (0.4)2 + (0.4)2 + (0)2 + (0.1)2 + (0)2 + (0.1)2]
B 3(3)

dH(Tl, TQ) - 0053
Theorem 2 The function defined in Equation (2) is an distance function.

i. First, dgg(T1,T2) > 0is obviously true.
Next,

Ao (T, T) :\/ (e | M (s0) = May(s0) | 4] Nry(s0) = Nry(s) |+ b (s:) = hry(s1) |

3n
B i[1+1+1]_ 1
N 3n SV

n=1

If n = 1then dgy (T, T,) = 1 otherwise dpy (T1,72) < 1. 0 < dpu(T1,T,) < 1

dpn(T1, Ty) = \/Z;1H Mr, (s;) — Mg, (s;) | + | NTI:(;Z) — Np,(s3) | + | hry(8i) — by (s5) |]

_ \/Zilﬁ M, (si) = Mz, (si) | + | N1p(si) = Ny (i) | + | Py (i) — Py (s:) |]

3n
= dpu (1>, T1)
dpu(T1,T) = J 3% D Ml My (si) = My (i) | + | My (s0) = May(si) | + | oy (s5) = Py (53) []]
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1 i _H MTl(Si) - MTg(Si) | + ‘ MT3<8i) - MTQ(S'L) |
=3 + | Noy(si) = Niy(si) | + | Nry(si) — Ny (i) |
n=1 | + [ by (i) = hry(si) | + | hry(si) — by (s4) ]

| [ [| Mz, (si) — Mry(si) | | [| Mz, (si) — Mz (s;) |

= |5 + | Ny, (i) — Ny (si) || + %Z + | Np(si) — Ny (si) |

"L by (s) = oy (59) ] "L |y (s) = by (s2) ]

=dgp(T1,T3) + dpu(Ts, Ts).

Definition 10 Let dy be an HDMIFSs. Then, (dy(T1)¢, dp (1)) of IFS is

‘ | (1= Mg, (s:)) — (1 — Mg, (s:)) |
Yome |1 (L= Nr(s:)) — (1= Ny (s1)) |
+ | (L= hr(s:)) = (1 = hry(si)) |

3n

Definition 11 Let dy be an HDMIFSs. Then the max HDM T, andT, of two IFS is

, | (M, (si) U Mz, (s;) — Mz, (s:) |
> oot |+ 1 (N (s:) U Npy (s5) — Ny (s4)) |
|+ | (B (80) U by (8i) — by (s0)) |
3n
‘ | (M, (s:) — Mr,(s:) U Mz, (s:)) |
>onet |+ 1 (N5 (s:) = Ngy(8i) U Npy (s4)) |
|+ | (A (50) = hay(s0) U by (s0)) |
3n

dH(T17 TQ) -

dy(Ty U Ty, Ty) =

dH(Tl,TQ U TQ) -

where U is a max operator.
Definition 12 Let d be an HDMIFSs. Then the min HDM T} andT; of two IFS is

‘ | (M, (si) 0 Mr,(s:)) — Mr,(s4)) |
> onet |+ 1 (N1 (s:) N Ny (8i) — Ny (s4)) |
+ | (hry (i) N hry(8i) — hay(si)) |

3n
| (M7, (i) — (Mr,(si) N M, (si))) |
+ [ (N7y(si) — (N, (si) N Ny (s4))) |
+ | (hry (si) — (hry(si) N hry(si))) |
3n

dH(Tl ﬂ TQ, TQ) -

2=

dg(Ty, ToNT;) =
where N is a min operator.

Definition 13 Let d be an HDMIFSs. Then, the max-min HDM 17 and T, of IFS is defined

(M, (55) U My (52)) — (M (s1) 0 M (51))
Yier |+ (N, (50 U N (51)) = (Vi (50) 1 N ()
| (b (50) U B (52)) = (o (50) 0 oy (51)

3n

dy(Ty U Ty, Ty NTy) =
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%
n=1

2.

dH(Tl ﬂ T27T1 U T2> -

(M, (5:) 1 M, (1)) = (M, (1) U M (1))
(N (50) 1 Ny (50)) = (Vi (50) U Ny (52))
+‘ by, (si) NVhry(si)) — (hry (5:) U by (si)) ‘

where U and Nis a max and min operator.

3n

Definition 14 Let di be an EHDMIFSs. Then, the max HDM 17 and T of IFS is defined

((MTl(Si) U M, (s;)) — MT2(81)>2

> et +<(NT1(31-) U Nz, (s:)) — NTQ(Sz‘)>2
(i, (50) U (50) = s (50))
dpy(Ty U Ty, Ty) = \ .
(3 (50) = (M (50) U M (52)) )
s |+ (Vn(s) = (Vs U Ny s2)))

2

+<hT1(SZ—) — (hry(si) U th(si))>

dep(T\, ToUT)) =

3n

Definition 15 Let dy be an EHDMIFSs. Then, the max HDM T and T of IFS is defined

(M, (55) 01 M (52)) = M (s:)
it | +| (Ve () 0 Ny (1)) = N (s:)
+’ (hry (si) N by (s:)) — hay (i)
dEH(Tl N TQ,TQ) = \ 3n

’MTI s1) — (M (s:) ﬁMTl(sZ))‘

e ||V () = (N (s0) 0 N (50)
+‘hT1 (hTz( ﬂ h'Tl 2) ‘
dpu(T, ToyNTY) = n

Definition 16 Let dgz be an EHDMIFSs. Then the max-min HDM T and T5, of IFS is defined

7
n=1

2

(0, (1) U My () = (M (5:) 0 My (s
(Vs (50) U Ny ) = (N (s
)

+((hna(s0) U bz (s1)) = (o (s:) 0 h@(sz)))

2
) N N (s

).
)

dEH(T1 U TQ,TI ﬂ TQ) - \

3n
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deu(Ty N1, T UTh) =

2 =1

(M7, (50) 0V My (52)) — (M (5) U M (s2)) )2
+<(NT1(32-) N N, (i) — (Nzy (si
+((hr, () M hra(s2)) = (b (s WJhB(&D)

U NT2 Sz

3n

where U and N is a max and min operator of IFSs.

4. Application For Environmental Sustaiability Using Hamming and
Euclidean Hesitence Distance Measure

Multiple criteria, insufficient information, and uncertainty are common components of decision-
makingissues. A strong foundation for modeling such uncertainty using membership, non-membership,
and hesitation degrees is provided by IFSs. In this part, we show how to use the suggested EHDMIF
and HDMIF to a decision-making problem pertaining to environmental sustainability. When expert
opinions are ambiguous, the application demonstrates the usefulness of the suggested methods in
selecting environmentally conscious areas or initiatives.

Table 1

Collection of attributes

3*E,

3*F

by

(sB11(b1), sBy1(by))

(SBQl(b1>, SB21 (bl)

(SBz‘l (bl), SBz'l (bl)
(SBll(bl), SBH (bl)

—~
VA
Sy,
—
—
—~
S
[l
~—
Va)
Sy,
—
—
—~
S
[y
~—

(SBil (bl), SBil (bl)

bg .
(sBia(bs), sBya(bs) ...
(SBQQ(bQ), 5B22(b2) e

(SBiQ(b2)7 sB
(SBlQ(bQ), sB

(SBiQ(bg), SBZ'Q(bQ) c.

ig(bg) C
12(b2) .
(sBa1(b1), sBa1(b1) ($Baa(bs), sBaa(bs)) ...

(8Ba;(b;), sBaj(b;)

(sBij(bj), sBij(by)

. (8B1(bs), sB1;(by)
. (8B2;(bj), sBa;(b;)

(sBij(b;), sBij(by)

The alternative(d;) of score function S(§; ) i=1 2, .,nand Table 1lists the values that were assessed

in the context of intuitionistic fuzzy sets. d(

S(6:) =

57767

(A

S (A5, 55y

n

") proposed Hesitance or Euclidean DMIFSs.

10
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4.1 Decision Making Algorithm For Proposed Distance Measure

Step 1: Define the decision criteria & assign their grade values. The criteria will be used to evaluate
each region, and depending on how well each condition is met, we will assign the grade values.

Step 2: Create an decision matrix. Take threeregions (A, B, C'). To keep things simple, suppose that
the intuionistic fuzzy values are use to evaluate each region based on the three criteria.

Step 3: Determine the distance. Determine the HDMIFSs & EHDMIFSs using equation 1 and 2 and
find the distance of each region.

Step 4: Determine each region’s overall score. Determine the overall score for each region using score
function formula.

Step 5: Rank all the alternatives. After calculating the score value, rank them according to their scores.
The above steps are explained in Fig 1

Start

Create a Decision Matrix

A 4

Determine the HDMIFSs &
EHDMIFSs

|

Calculate the Overall Score
Value

}

Rank According to their Score
Value

Fig. 1. Steps For Calculating Distance Measure

4.2 Problem Description With Numerical Example

Environmental sustainability is responsible for environment to avoids exhaustion or decrease of
natural resources, ensuring that ecosystems remain healthy and productive for future generations.
It promotes long-term ecological balance by decreasing pollution, protecting biodiversity, increasing
the use of renewable resources, and lowering human activity’s environmental impact. In light of es-
calating global challenges such as climate change, deforestation, water shortages, and air pollution,
attaining sustainability has become a vital aim for governments, businesses, and communities. Ef-
fective environmental sustainability methods aim not just to safeguard the natural world, but also to

"



Journal of Contemporary Decision Science
Volume 00, Issue 00 (2026) 1-21

promote economic and social growth while maintaining ecological integrity. This example validates
the usefulness of the suggested definitions and distance measures by showing how they might be used
in actual decision-making situations. The sustainability review committee seeks to select the best re-
gion for launching an environmental friendly development program. This selection must be take into
consideration by theZmultiple factorsZthat effect both environmental and economic sustainability.
The assessment procedure consists of three major criteria:

1. Pollution level - indicating the environmental quality of each region.
2. Climatic Vulnerability - represents the regions exposure and susceptibility to climate change
3. Economic Development Potential - reflects the prospects for long-term economic growth.

However, due to the ambiguity and vagueness inherent in expert assessments, these criteria are
evaluated using both distance measures. Table 2 shows that each region has membership and non-
membership degrees for each criterion. Let I;=Pollution level, I,= Climatic Vulnerability, /3=Economic
Development Potential. The goal is to use the proposed hesitance-based distance measure to identify
which location has the highest level of sustainability among the options. This methodology incorpo-
rates environmental, climatic, and economic elements into an IFS, resulting in a more realistic and
flexible decision-making process than traditional crisp methods.

Table 2
Evaluated values of alternatives.

I; = (M;, N;) by by b3

Region A L (0.1,0.3) (0.3,0.5) (0.4,0.2)
I, (0.5,0.4) (0.1,0.2) (0.3,0.6)

I3 (0.7,0.1) (0.2,0.8) (0.9,0)

Region B I (0.6,0.1) (0.2,0.6)  (0.9,0)
I, (0.2,0.3) (0.4,0.5) (0.4,0.4)

I3 (0.5,0.5) (0.5,0.2) (0.3,0.3)

Region C I, (0.3,0.2) (0.7,0.2) (0.9,0)
I, (0.5,0.3) (0.4,0.6) (0.1,0.5)

I3 (0.7,0.1) (0.1,0.8) (0.4,0.3)

Intuitionistic Fuzzy Hamming Hesitance Distance Measure
|0.1 —0.6] 4+ ]0.3 — 0.2] + 0.4 — 0.9]
+]0.3 — 0.1] + 0.5 — 0.6] 4+ 0.2 — 0]
+]0.6 — 0.3| + (0.2 — 0.2] + 0.4 — 0.1]
3(3)

(17,17 -

__[0.5+0.1+0.5+0.3+0+0.3+0.2+0.1+0.2]__O24
= 5 = 0.
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0.1 — 0.3 4 0.3 — 0.7| + [0.4 — 0.9]

+]0.3 —0.2] + 0.5 — 0.2| + |0.2 — 0|

(1) pE)Y _ +]0.6 — 0.5] + 0.2 — 0.1| + 0.4 — 0.1]
1 » 41 3(3)

0.2404405+0.1+03+02+0.1+0.1+0.3]
9

0.6 — 0.3+ 0.2 = 0.7| 4+ [0.9 — 0.9]

+10.1 — 0.2] +10.6 — 0.2] + [0 — 0

g (1ED pEDY _ +[0.3 — 0.5] + 0.2 — 0.1] + |0.1 — 0.1]
s 36)

03+05+0+0.1+044+0+0.2+ 0.1+ 0]
9

=0.17

A", 1) = 0.26, d(I"™, 15%) = 0.24,
A1, 1) = 0.16, (1™, 187)) = 0.35,

Y

Y

Using Definition ??, we will get the decision matrix as

0.24 0.24 0.17
0.35 0.14 0.22

S(Li) = Z?’-l(d(zéEjg,i(Ej))
S(Ly) = 2; (0.24 + 0.324 + 0.17)> .
S(Ly) = Z; (0.26 + 0.54 + 0.16)) om
S(Ls) = 23; (0.35 + 0.;4 + 0.22)) oo

0.21 < 0.22 < 0.23
S(Ll) < S(Lg) < S(Lg)

S(L3) = Economic development potential is thus selected.
Intuitionistic Fuzzy Euclidean Hesitance Distance Measure

(0.1 —0.6)? + (0.3 — 0.2)*> + (0.4 — 0.9)*

+(0.3 —0.1)2 + (0.5 — 0.6)2 + (0.2 — 0)?

(1 e _ +(0.6 — 0.3)2 + (0.2 — 0.2)2 + (0.4 — 0.1)?
1 <1 3(3)

=0.24

_ \/[(0.5)2 +(0.1)2 4 (0.5)2 4+ (0.3)2 4+ (0)2 + (0.3)2 + (0.2)2 + (0.1)2 + (0.2)?2]

9

=0.28

13



Journal of Contemporary Decision Science
Volume 00, Issue 00 (2026) 1-21

(0.1 = 0.3)2+ (0.3 —0.7)* + (0.4 — 0.9)*

+(0.3 —0.2)% + (0.5 — 0.2)* + (0.2 — 0)?
p (I(El) I(E3)> _ +(0.6 — 0.5)% + (0.2 — 0.1)* + (0.4 — 0.1)?
1 » 41 3(3)

_ \/[(0.2)2 +(0.4)2 + (0.5)2 + (0.1)2 + (0.3)2 + (0.2)2 + (0.1)2 + (0.1)2 + (0.3)2]

= 0.26
9

(0.6 — 0.3)2 + (0.2 — 0.7)%* + (0.9 — 0.9)?
+(0.1-0.2)> + (0.6 — 0.2)* + (0 — 0)?
d <I(E2) I(ES)) _ +(0.3-0.5)* 4 (0.2—0.1)> + (0.1 = 0.1)?
S 36)

_ \/[(0.3)2 +(05) + (0)° + (0.1 + (04)° + (0 + (0.2 + (0.1 + (0)°] _

N 9
d(1$P0, 1Py = 0.30, a(1s™), 187y = 0.31,
d(I8P) 18Py = 0.19, (1™, 1)) = 0.38,

Y

Using Definition ??, we will get the decision matrix as

0.28 0.26 0.24
[DM]s355 = [0.30 0.31 0.19
0.38 0.21 0.29

s(1) = T L)
o) = 2; (028 + 0-326 + 0.24>> o
S(Ly) = 23; (0.30 + 0.;31 + 0.19)) .
S(Ls) = 23; (0.38 + O.:l + 0.29)) .

0.26 < 0.27 < 0.29
S(Ll) < S(Lz) < S(Lg)

S(L3) = Economic development potential is thus selected, by the score functions based on EHD-
MIFSs. The graphical representation is also given in Figure2. So, By both the cases HDMIFSs and

EHDMIFSs, economic development potential has to be first taken into account for environmental sus-
tainability.
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Hamming and Euclidean Hesitance Distance
Measure

0.29

0.27

0.3

0.2
EHDMIFS
0.1
HDMIFS

S(L1) S(L2) 5(L3)

HDMIFS mEHDMIFS

Fig. 2. Hamming and Euclidean Hesitance Distance Measure

4.3 Comparative Analysis For Normalized Distance Measures

This section compares the existing NHDMIFS and NEDMIFS with the proposed HDMIFS and ED-
MIFS. The suggested HDMIFS and EDMIFS can be reduced to NHDMIFS and NEDMIFS, respectively,
with specific parameter limitations. Remarks 1and 2 show the theoretical coherence of these method.
We also describe decision-making strategies that do not take hesitation degrees into account and were
created to utilizing more intricate fuzzy distance measurements. Below is a summary of the overall
comparison evaluation.

Remark 1 If we assume that the hesitancy degree as zero, then the HDMIFS is reduced to NHDMIFS.

Doy | Mz (s) = Mz, (s;) | + | Nry(si) — Ny (s5) |]

dy(Th,Ty) = o™

Remark 2 If we assume that the hesitancy degree as zero, then the HDMIFS is reduced to NHDMIFS.

dpH(Ty, Ty) = \/Zizl[(MTl(Si) — MTQ(SZ-Q): + (N, (s5) — Noy(59))2]

The NHDMIFS between the values assessed by several experts corresponding to alternatives can be
used to address the aforementioned decision-making situation given in Table 1.
Intuitionistic Fuzzy Normalized Hamming Distance Measure

m1—0m+m3—0m+m4—am}

P {+m3—uu+m5—aa+m2—m
UUSHEE 2(3)

0.5+0.1+0.5+02+0.1+0.2
_ 0501+ g 010 9

{ma—aa+m3—0ﬂ+m4—am]
wnﬂ&»: +]0.3 — 0.2 + 0.5 — 0.2] + (0.2 — 0
3(3)

_[02+04+05+014+03+02
— - —0.

15



Journal of Contemporary Decision Science
Volume 00, Issue 00 (2026) 1-21

0.6 — 0.3] + (0.2 — 0.7] + 0.9 — 0.9]

N { 4]0.1 = 0.2 + 0.6 — 0.2] + |0 — 0]
UGS E 2(3)

~[034+0540+0.140.4+ 0+]
B 6

=0.21

(1=, 12 ) _ 0.3, d(Ié,El 152y — 0.4,

Y

Using Definition ??, we will get the decision matrix as

0.26 0.28 0.21
[DM]sxs = |0.21 0.18 0.13
04 0.5 0.28

E; E;
O (1 1y

S(Li) = 3

S(Ly) = i 026+O28+O21)> 09
S(Ly) = 23; 021+018+013)> o
S(La) = 23; O4+015+028)) .

0.17 < 0.25 < 0.27
S(Lg) < S(L1) < S(Lg)

S(Ls3) = Economic development potential is thus selected.
Intuitionistic Fuzzy Normalized Euclidean Distance Measure

{ (0.1 = 0.6)2+ (0.3 — 0.2)% + (0.4 — 0.9)2
d (15, 1) = +(0.3—0.1)2 + (0.25(3_) 0.6)2 4 (02— 0)2

_ \/ [(05) + (0.1 + (0.5) + (0.2)° + (0.1 + (0.2)°] _ o,

6

[ (0.1 — 0.3)2 +(0.3— 0_7)2 + (04— 0'9)2
a (15, 1) = +(0.3—0.2)2 + (0.25(3_) 022 1 (02— 0)2

B \/ [(0.2)2 4 (0.4)2 + (0.5)2 + (0.1)2 + (0.3)2 4 (0.2)?]

= =0.31
6
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{ (0.6 —0.3)%+ (0.2 — 0.7)2 + (0.9 — 0.9)?
+(0.1 = 0.2)2 4 (0.6 — 0.2)2 + (0 — 0)?
2(3)

\/[<0.3)2 + (052 + (02 + (0.0 + (04 + (0] _
6

AL, %) = 0.23, d(IL™ ,I( 9)) = 0.22,
A" 1%y = 0.18, (1™, I1") = 0.42,
d(IéEl)’ ]?EES)) — 024, d(]éEZ),IéEs)) — 034’

Using Definition ??, we will get the decision matrix as

0.31 0.31 0.29
[DM]sxs = |0.23 0.22 0.18
042 0.24 0.34

314 0.31 4+ 0.2
0.3 +0§> +0 9))20_30

st = (3

=~
1
3
(0.23+0.22+0.18)> ool
1
(
1

st = (32 :
3

0.42 + 0.24 + 0.34)
S(Ls) = g : ) —=0.33
0.21 < 0.30 < 0.33
S(Lg) < S(Ly) < S(Ls)

Normalized Hamming and Euclidean Hesitance
Distance Measure

0.3 0.33

0.21
04 0.25 0.27
03 0.17

0.2 NEHDMIFS

01 NHDMIFS

S(L1) S(L2) S(L3)

ONHDMIFS @ENEHDMIFS

Fig. 3. Normalized Hamming and Euclidean Hamming Distance Measure

S(L3) = Economic development potential is thus selected, by the score functions based on NE-
HDMIFSs.The graphical representation is also given in Figure3s.
The newly introduced models not only maintain theoretical consistency but also provide better perfor-
mance in managing uncertainty, according to a comparison between the proposed HDMIF and EHDMIF
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and the current NHDMIFS and NEDMIFS. Both HDMIF and EHDMIF reduce to their normalized equiv-
alents when the hesitation degree is taken to be zero, indicating the suggested framework’s logical
and a capacity for generalization. The suggested models, shows increased sensitivity to differences
in expert opinions when hesitation is taken into account, producing rankings that are more accurate
and realistic. Decision-makers may now more accurately represent the actual uncertainty present in
IF evaluations. In contrast to the traditional normalized distance models, the suggested HDMIF and
EHDMIF offer a more comprehensive and human-consistent representation of uncertainty.

4.4 Sensitivity Analysis Based on Distance Measures

A sensitivity analysis was conducted by comparing the outcomes of the suggested HDMIFS and
EHDMIFS with the current NHDMIFS and NEHDMIFS in order to assess the robustness of the suggested
distance measures. The aim is to determine whether different formulations of the distance function
lead to consistent decision outcomes.

Table 3
Finding the best optimal
Distance Measures Score Value Ranking values Best optimal
EHDMIFS 0.26 <0.27<0.29 S(Ly) < S(Ls2) < S(L3) S(L3)
NHDMIFS 0.17<0.25<0.27 S(Lg) < S(Ly) < S(L3) S(L3)
NEHDMIFS 0.21 <0.30<0.33 S(Ls) < S(Ly) < S(L3) S(L3)

Table 3 demonstrates that the options ranking order is constant across all distance metrics, with
S(L3) being the best and most optimal option. This consistency demonstrates that, independent of
the precise form of the distance computation, the suggested distance measure generate stable and
trustworthy decisions. As a result, the decision-making framework demonstrates significant model
robustness, which is an essential characteristic for practical sustainability assessments in the face of
uncertainty.

4.5 Advantages of Hesitance Distance Measures of Intuitionistic Fuzzy Sets

IF's hesitancy values and distance measure offer a solid basis for handling and modeling decision-
making ambiguity. These metrics provide a flexible and trustworthy way to represent ambiguous pref-
erences, assisting decision-makers in making more confident and informed decisions. Decision-makers
can assess their lack of confidence or unwillingness toward various possibilities directly by using hes-
itation values in fuzzy distance measurements. Managers can provide a more accurate depiction of
ambiguity by giving fuzzy set objects valueslZthat reflect their level of doubt regarding membership.
Furthermore, intuitionistic fuzzy distance measures with hesitancy values provide an adaptable frame-
work of conveying desires that are not quite clear. By displaying different levels of uncertainty for many
different factors, decision-makers may illustrate the nature of unresolved when deciding on situations.

5. Conclusion

In this paper, two novel distance measures HDMIF and the EHDMIF for IFSs were developed to
effectively capture the uncertainty and hesitation in decision-making situation. In contrast to con-
ventional fuzzy methods, the suggested measures offer a more accurate representation of ambiguity
by incorporating hesitation degrees into the similarity calculation. Both measures consistently identi-
fied the same most sustainable criterion, validating their robustness. These hesitation based metrics
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improve the accuracy, adaptability, and interpretability of MCDM processes, as shown by their ap-
plication to environmental sustainability issues. Future research can concentrate on applying these
metrics to more general fuzzy frameworks, like g-rung orthopair fuzzy sets, Pythagorean fuzzy sets, or
Fermatean fuzzy sets, and integrating them into dynamic settings and collective decision-making. Fur-
thermore, incorporating optimization-based weighting techniques or machine learning could enhance
performance and adaptability in intricate real-world applications.
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