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Multi-criteria evaluation and financial sustainability analysis in stock markets
often involve uncertain and imprecise information, which requires advanced
decision-making models. In this paper, we discuss the concepts of Circular Com-
plex Picture Fuzzy Sets (CrC-PiFS) for handling uncertainty in financial assess-
ments. The circular complex T-spherical fuzzy set is an extension of the complex
picture fuzzy set, complex spherical fuzzy set, and complex T-spherical fuzzy set.
We define improved algebraic operations for CrC-PiFS, including direct sum, di-
rect product, and scalar multiplication, based on t-norms and t-conorms. The
aim of this study is to enhance the representation of uncertainty in multi-criteria
stock-market decision-making. To achieve this, we introduce circular complex pic-
ture fuzzy weighted/ordered weighted arithmetic mean and geometric mean ag-
gregation operators under a new class of algebraic circular complex T-spherical
fuzzy operational laws, and discuss their properties. Finally, we present a novel
decision-making framework incorporating the CRITIC-WASPAS method and high-
light its applicability to stock-market analysis, particularly in evaluating and prior-
itizing market stability factors, investment strategies, and financial sustainability
indicators.

1.

1.1

Introduction

Short review of T-spherical fuzzy set

The concept of fuzzy set (F'S) was initiated by Zadeh in 1965 [1] to help manage the modeling

of real-world issues involving ambiguous data. F'S theory is particularly a helpful tool for modeling
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ambiguity; it may be used to model and solve problems in a wide range of fields, including data mining,
grouping, and medical research. An F'S is defined by a membership function (M F')  from a collection
of the universe’s objects or elements to the interval [0, 1], where the M F' 1) belongs to the range
[0, 1]. Subsequently, Atanassov [2] extended F'S by adding a non-membership function (N M F') v to
present the idea of intuitionistic fuzzy sets (1 F'S), ensuring the addition of M F' and N M F satisfies
0 < 1+ < 1. However, in cases involving the pairs like (0.7,0.6), the concept of IF'S did not
satisfy this condition, that is, 0.7 + 0.6 = 1.3 > 1. Therefore, Yager [3] introduced the Pythagorean
fuzzy set (PyF'S) by applying the new condition 0 < n? + ¢ < 1. However, the case (0.8,0.9)
did not satisfy the condition of PyFS, that is, 0.82 + 0.92 > 1. In order to remove this kind of
restriction, Yager [4] developed the concept called g-rung orthopair fuzzy sets (¢-ROFS), with the
restriction 0 < n? + ¢? < 1, where ¢ > 1, which covers the failure situations.

Real-world decision-making (D M) can produce additional responses for a choice index, such as
neutral, abstention, negative, and positive. For this, Cuong [5] initiated the concept of picture fuzzy
sets (PiF'S), which handle the membership value (M V') n, non-membership value (NMV') v, and
neutral value (NV') ¢, with the condition 0 < n + ¢ + ¢ < 1. However, sometimes it is challenging
to accept certain restrictions; for example, 0.2 + 0.8 + 0.1 = 1.1 > 1 does not belong to [0, 1]. The
spherical fuzzy set (SF'S) was introduced by Mahmood et al. [6], which is more effective compared
to PiF'S and IF'S, with the condition that the sum of squares of MV, NMV, and NV is less than
or equal to 1, that is, 0 < n? + % + ¢* < 1. However, if the values are (0.7,0.6,0.9), this condition
is not satisfied since 0.72 + 0.6 + 0.92 = 1.66 > 1. To handle such situations, Ullah et al. [7]
initiated the T-spherical fuzzy set (T'SF'S) as an extension of SF'S, with the condition 0 < 17+ 7 +
¢? < 1, where ¢ > 1. These developments provide useful tools for simulation, decision-making,
environmental sustainability, and the advancement of theoretical and real-world implementations of
intelligent systems.

1.2 Short review of complex t-spherical fuzzy set

In real-world settings, decision-makers (DMs) face more obstacles in selecting the best option from
a variety of workable possibilities as systems become more complicated. While this presents a sig-
nificant challenge, achieving a single goal is not insurmountable. Many organizations struggle with
the complexities of setting goals, forming viewpoints, and motivating employees. Decisions made by
committees or individuals within an organization therefore take into account several simultaneous
objectives. Each DM is compelled to develop the best solution for realistic implications in real-world
problems by using criteria that allow alternative responses. As a result, DMs are becoming more com-
mitted to creating dependable and practical techniques for identifying optimal solutions. As discussed
earlier, existing methods have limitations and are unable to fully capture uncertainty and its variations
over time. Consequently, researchers raised the question of what would occur if the range of fuzzy
sets (F'Ss) were extended to a unit disk in the complex plane. Accordingly, Ramot et al. [8] initiated
the concept of complex fuzzy sets (C'F'S). The fundamental idea of C'F'S is to extend the member-
ship range from [0, 1] to the complex plane. The membership function is defined as n = re?, where
r is the amplitude term belonging to [0, 1] and @ is the phase (or periodic) term belonging to [0, 27].
The C'F'S framework considers only the membership function; however, in many situations, using
only a complex-valued membership function (C'V M F') is insufficient. To address this issue, Alkouri
and Salleh [9] introduced the complex intuitionistic fuzzy set (C'IF'S) by incorporating a complex-
valued non-membership function (CV NMF). A CIFS is defined by the CVMF 7, = r.e™ and
CVNMF 1, = k.e™ve, where r, k., w,., and wy, belong to [0, 1]. The restriction of CIFS is given
by [n.+.| < 1. However, due to the presence of only two membership components, certain complex
fuzzy data remain difficult to interpret. For instance, if the decision-maker assigns 0.5¢27(942) as the
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membership value and 0.7¢27(°™) as the non-membership value, the C'I F'S condition is violated. To
overcome such limitations, Ullah et al. [10] developed the complex Pythagorean fuzzy set (C'PyF'S),
in which the sum of squares of the CV M FE and CV NMF is required to be less than or equal to
1. While C'PyF'S is more flexible than C'IF'S, it still fails in certain cases. For example, when the
complex-valued membership degree is 0.8¢27(%-92) and the complex-valued non-membership degree
is 0.7e27081) ‘hoth C'IFS and C'PyF'S violate their respective conditions. To handle such scenarios,
Liu et al. [11] introduced the complex g-rung orthopair fuzzy set (C'q-ROFS), in which the sum of the
gth powers of the CV M F and C'V N M F' is less than or equal to 1. The proposed C'¢q-ROFS provides
an effective framework for managing ambiguous and complex information and has been successfully
applied to multi-attribute decision making (M AD M) problems. However, C'q-ROFS cannot model sit-
uations involving a complex neutral function (C'N F'), as it only considers the CV M F and CVNMF.
To address this limitation, Akram et al. [12] introduced the complex picture fuzzy set (C'PiF'S), where
the amplitude terms (n, ¢, ¢) € [0, 1] and the phase terms (6, 9,~) € [0, 27], subject to defined con-
straints. Nevertheless, certain amplitude combinations violate these conditions. Furthermore, Akram
et al. [13] proposed the complex spherical fuzzy set (C'SF'S) as a generalization of C' PiF'S. Later, Ali
et al. [14] introduced the complex T-spherical fuzzy set (C'T-SFS), which successfully addresses the
failure cases encountered in previous complex fuzzy extensions.

1.3 Short review of cricular g-rung orthopair fuzzy set

Another question raised by many researchers is what would happen if we transform the range of
intuitionistic fuzzy sets (I F'Ss) into a circular region. Therefore, Atanassov [15] initiated the concept
of circular intuitionistic fuzzy sets (C'IF'S's). Furthermore, Bozyigit et al. [16] developed the circular
Pythagorean fuzzy set (C'r-PFS) as an extension of C'r-IFS, where C'r-PFS contains the membership
degree 1 and the non-membership degree 1) under the condition 0 < n? + 2 < 1, with a radius
R € [0, 1] of a circle centered at the point (77, 7)) in the plane. Recently, Yusoff et al. [17] extended C'r-
PFS to circular g-rung orthopair fuzzy sets (C'irq-ROFSs), which satisfy the condition 0 < 7+ 7 < 1,
q > 1, with aradius R € [0, 1] of a circle around the point (7, 1), and established their basic algebraic
properties. However, Zeeshan et al. [18] identified novel characteristics of C'irg-ROFSs, including
flexible algebraic laws and Dombi aggregation laws. Furthermore, Kahraman and Otay [19] employed
the VIKOR method using circular intuitionistic fuzzy sets to address decision-making problems.

1.4 The main motivations

In general, the complex T-spherical fuzzy set (CT-SFS) is a wide generalization of fuzzy sets. How-
ever, CT-SFS cannot handle well enough for some circumstances. In this paper, we propose the novel
approach of Cricular Complex Picture Fuzzy Set (CrC-PiFS) with its operational laws where CrC-PiFS
composes the grade of membership, abstinence, and non-membership with a condition in which the
sum of g-power of the real part (also for imaginary part) of the membership, abstinence, and non-
membership grades is not exceeded from a unit interval.

Multi-criteria decision-making (MCDM) techniques are becoming more and more popular as prospec-
tive tools for assessing and resolving complicated real-time issues because of their innate capacity to
compare numerous options based on a range of factors in order to potentially choose the optimal op-
tion. MCDM challenges include various uniqueness such as presence of multiple non-commensurable
and conflicting criteria, distinct units of measurement among the criteria, also presence of relatively
dissimilar alternatives. There are several MCDM techniques being used to handle these decision-
making issues that describe multidimensional scenarios. The MCDM methods are primarily targeted
at analyzing and ranking the available alternatives. There are numerous cases when various MCDM
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techniques produce disparate outcomes (i.e., the ranks of the same alternatives vary according on the
techniques used). This can be attributable to the many mathematical artifacts used by the method-
ologies under consideration. The WASPAS method is a unique combination of two well-known MCDM
approaches, i.e. weighted sum model (WSM) and weighted product model (WPM). Its application first
requires development of a decision/evaluation matrix, X = [z;;]mxn Where z;; is the performance
of " alternative with respect to ;' criterion, m is the number of alternatives and n is the number
of criteria. The feasible alternatives are now ranked based on the () values and the best alternative
has the highest () value. Table 1 outlines the specific limitations of earlier research in contrast to the
proposed approach.

Table 1 Comparison of proposed model with extant models in literature.
Concept MD NMD ND CMD CNMD CND Radius X\

FS Yes No No No No No No No No
IFS Yes Yes Yes No No No No No No
PyFS Yes Yes Yes No No No No No No
q-ROFS Yes Yes Yes No No No No No No
PiFS Yes Yes Yes No No No No No No
SFS Yes Yes Yes No No No No No No
T-SFS Yes Yes Yes No No No No No No
CrIFS Yes Yes Yes No No No Yes No No
CrPyFS Yes Yes Yes No No No Yes No No
Crg-ROFS Yes Yes Yes No No No Yes No No
CFS Yes No No Yes No No No No No
CIFS Yes Yes Yes Yes Yes Yes No No No
CPyFS Yes Yes Yes Yes Yes Yes No No No
Cqg-ROFS Yes Yes Yes Yes Yes Yes No No No
CPiFS Yes Yes Yes Yes Yes Yes No No No
CSFS Yes Yes Yes Yes Yes Yes No No No
CT-SFS Yes Yes Yes Yes Yes Yes No No No

Proposed
(CrC-PiFS) Yes Yes Yes Yes Yes Yes Yes Yes Yes

We found from the aforementioned investigation that the following are the main issues that all
experts have:

(i) On the basis of C'rC-PiFSs, how should novel operational laws be drafted?

(ii) On the basis of novel operational laws, how may new operators be developed?
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(iii) How can all actions be ranked according to the developed operators?

Table 2
Related work circular complex picture fuzzy set
Author and year Benchmarks Application
Abra Hussain et al. [20] Decision-Ma!dng based on Criteria for ?upplier
Complex Picture Fuzzy Selection
Certain Operations on
M. Shoaib et al. [21] Complex Picture Fuzzy Graphs
Graphs
Decision making based on
P. Liu et al. [22] complex picture fuzzy Solar Panels

knowledge
Similarity Measures of
Complex Picture Fuzzy
Problems under
complex picture fuzzy sets
Concept of Complex
Picture Fuzzy Soft
Information
Decision-making model
complex cubic picture

H. Dhumras et al. [23] Medical Diagnosis

Zaid Khan et al. [24] Medical Diagnosis

S. U. Khan [25] Network

M. N. Khan et al. [26] Enterprise resource

fuzzy information planning
Power Aggregation
Zeeshan Ali et al. [27] Operators for Marketing

Complex Picture Fuzzy

1.5 Novelty and main contributions

This study aims to create a logical and analytical approach for decision support so that the best
option can be chosen from a variety of alternative sources. The incorporation of algebraic complex
operational rules into the C'r(C-PiFS environment will enable the use of the C'rC'T-SFS arithmetic
and geometric mean aggregation operators, which will guarantee the efficiency of the conceptual
framework.

The following highlights the main goals and contributions of this article:

(1) Being a modified version of T-SFS and CT-SFS is more capable, comprehensive, and dependable
than current concepts like CrC-PiFS when it comes to handling uncertain data during the decision-
making process. Furthermore, the coupling of CrC-PiFS circumstances with arithmetic and geometric
mean aggregation operators using algebraic complex operational laws have not been studied before.
Therefore, enhancing the geometric and arithmetic mean aggregation operators utilizing complex op-
erational principles is crucial for solving MCDM problems in C'rC-PiFS situations.

(ii) An insightful idea for handling three-dimensional data in a single set is the arithmetic and geo-
metric mean aggregation operators pursuant to C'r C-PiFS settings, which employ complex operational
rules. Therefore, the purpose of this study is to offer Crcular Complex-PiFS weighted arithmetic mean
aggregation operator (C'rC'-PiFWAM), Crcular Complex T-SFS ordered weighted arithmetic mean ag-
gregation operator (C'rC-PiSFOWAM), Crcular Complex PiSFS weighted geometric mean aggregation
operator (C'rC-PiFWGM) and Crcular Complex -PiFS ordered weighted geometric mean aggregation
operator (CrC-PiIFOWGM).
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(iii) The connections between these operators are highlighted in order to address certain of their
characteristics, including their boundedness, idempotency, and monotonicity.

(iv) To create two distinct, cutting-edge methods based on the C'rC-PiFWAM and C'rC-PiSFWGM.

(v) We give a graphical depiction of the proposed approach to further enhance the clarity and un-
derstandability of the created procedure. Using a flowchart to graphically depict the intended process,
the recommended modelling technique is clearly communicated.

(vi) To provide application that demonstrate the viability and dependability of the suggested tech-
niques. Additionally, by contrasting the suggested techniques with the current approaches, we will
demonstrate that the suggested techniques are better and that the procedure for aggregation is more
adaptable when using the arithmetic and geometric mean aggregation operators in accordance with
C'rC-PiFS environments and complex operational rules.

CrC-PiFS arithmetic and geometric mean aggregation operators based on algebraic complex op-
erational rules offer a high degree of flexibility when aggregating confusing data. By adjusting the
parameters, one can change the focus placed on specific fuzzy MD, NMD, ND and their related the
parameter. These operators have been effectively applied in domains such as expert systems, data fu-
sion, pattern recognition, and decision-making. Their ability to handle complicated and unpredictable
information makes them suitable for managing ambiguous and inaccurate real-world situations. Their
unique approach to data aggregation yields findings that are more reliable and accurate, assisting
decision-makers in a range of applications in making better decisions.

1.6 The structure of the paper

According to the following, this article is organized: The main topic of section 2 is the construct of
complex operational laws based Circular Complex Picture fuzzy weighted arithmetic mean aggregation
operator (C'rC-PiFWAM), Circular Complex Picture fuzzy ordered weighted arithmetic mean aggrega-
tion operator (C'rC-PiFOWAM). The concept of Circular Complex Picture fuzzy weighted geometric
mean aggregation operator (C'rC-PiFWGM) and Circular Complex Picture fuzzy ordered weighted ge-
ometric mean aggregation operator (C'rC-PiIFOWGM) within the context of Circular Complex Picture
fuzzy sets and their characteristics are covered in Section 3. Section 4 suggests a novel approach of
decision-making using the cutting-edge methods based on the CrC-PiFWAM and C'rC-PiFWGM. Ad-
ditionally, Section 5 provides an example to demonstrate the value of the suggested strategy for mak-
ing decisions. Section 6 characterizes the comparability and sensitivity analysis that demonstrate the
logic and stability of the suggested technique. Section 7 provides a conclusion to the article.

2. Circular complex picture fuzzy weighted arithmetic mean aggre-
gation operators

We provide definitions of Circular Complex Picture fuzzy operational laws for C'rC-PiFNs in the
following section. Following them, several aggregation (circular complex Picture fuzzy weighted arith-
metic mean aggregation operator (C'rC-PiFWAM), circular complex PiSF ordered weighted arithmetic
mean aggregation operator (C'rC-PiFOWAM)) operators based on circular complex picture fuzzy op-
erational laws will be created.

[ramot2002] A CFS A is defined as:

A={(z,n(x)) | v e X}

wheren(z) = n(z)e??™ @) denotes the grade of complex-valued truth with the condition 0 < 7(z), w(x) <
1.
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[akram2020a] Let X be a universal set. A complex picture fuzzy set (CPFS) P on X is defined as

P ={(z, np(2), np(x), vp(@)) : x € X},

where A | |
pp(r) = po (), np(x) = mp(z)e @, vs(r) = v, (x)e ),

denote the complex positive, neutral, and negative membership degrees of x, respectively. The mag-
nitudes satisfy

0< (@) mpl@) (@) 1, () + () + i) < L.

The complex refusal degree associated with z is given by
mp(x) = (1= () = no(2) = vp(2)) €.
2.1 Proposed circular complex picture fuzzy sets

One aim of this study is to explore the novel approach of C'rC-PiFSs and their operational laws.
These operational laws are also verified with the help of a numerical example.
A C'rC-PiFS P is defined as:

P ={(z,n(x), ¢(x),d(z),r(x)) |z € X}

where 7(z) = nolewm’icnll, o(x) = gbclei%d)icnf, () = wclei%%ql, and r(z) = Tcleizwgrfdenote
the membership degree, abstinence, and non-membership with the conditions: 0 < 7n¢, + ¢¢, +
Yo, < land 0 < (nh, + ¢, + i) < 1. Additionally, the term H(z) = Re* ™=@ such that
R=(1=nc, + ¢, + ve,) and wg(z) = (1 — (ni, + o6, + Vi, )) expresses the complex hesitancy
grade of x. Moreover, P = (7701 e ?mey boy ey Ve, ey re, eiQﬂr”g’f) is called a C'rC-PiFN.

im im

For any CrC-PiFN. P, = (nclei%"@ L 00, €2 e €TV e, eiQWC’Y) , the score and accuracy
functions are defined by

SC(P) = 5 {(ne) + (1) + (o) + (18) — (W) — () — (9c) — (915)}

and
AC (P) = % {(ne) + () + (W) + (V) + (6cy) + () + (rey) + (rin) }

where SC (P,) € [-1,1] and AC (P,) € [0,1].
Let P, = <7701 eMEL oy €T pe, eV e, eiQWCTT) :

im

P = (nCQeiQ’T"E"f, 60, €2 1he, e FVE 1o, e”’”%"z"> be two C'rC-PiFNs. Then
(1) |fSC(P1) > SC’(PQ),then P1 > PQ,

(2)if SC (P) = SC (P2) then

(1) if AC (P1> > AC (PQ) , then P, > Pg,

(11) IfAC(Pl) = AC(PQ),then P1 = PQ.
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2.2 Algebraic circular complex picture fuzzy operational laws

The new direct sum, direct product, and scalar multiplication operations are defined for CrC'-PiFSs

in this subsectjon. , ' ‘ '
12N 27U P2 2mwrdn
Let P, = (77016 1,0 e Yo e G T e Cl) ,

i2 im i2 im i2 im i2 im . .
B = <7702€Z TIEL o, et % ahe, e ™ ro, ™) be two CrC-PiFNs. Then we define the

following algebraic circular complex picture fuzzy operational laws:
97 1 +im +im
(2 ((10,) + (nc,))) 2B+ (8),
(66 +(o8m)))
(

ser+Em), |

s RS

(iii) P, @' Py =

= e

(iii) P, ®2 P, = [[

o

o)) |
e, |
4

—
s~ N

s
l:\f N [=
—
Q
=
3

(iii) o' P = ( (a) e

,where)0 < a <1;
-(v&™))). ,where 0 < o < 1;
+
C

(iv) P* = ) , Where [ is the total number of CrC-

. im\ A
l(¢C>A .62271'T(1/)2; ) l

?

PiFNs that are a part of the procedure; _
) pota — (1= (1)) 20, (o) o rerve™,
- i im i2n(a(1—(rim )
(@) Y. @E™ (o (1= (re))) .2 (e(1-(6™)))
where 0 < o < 1.
(i) pore — [ (@ (L= (o)) 2 UE)), () . emone™,
- (@) - 2@VE™ (@) ro.em@rE” |
where 0 < o < 1.

‘oo tim ; +im ; +im i2nr L™, . .
Let{Pj = <ncjel2””0r , e, €700 ho eV re e ) L j = 1,2,...,m} be the collection

of C.C-PiF values and let C,.C-PiIFWAM : Q™ — Q. If
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1
C,C-PIFWAM, (P1, Py, Py, ..., Py) = ((04131)A D (AR @ (P @ ... & (a}an)/\> > then
C,.C-PiFWAM is called a circular complex picture fuzzy weighted averaging mean operator of dimen-

sion n, where () is the set of all C,.C-PiF values, £ = (a1, aq, ..., am)T are a weight vectors of P,
with o, € [0,1], X7 0, = 1, wherer =1,2,....m.
m m m 2 ﬂ'/r+lm . .
Let{Pj = (770]-612”’7@ b, (i e, emwa N e?™C ) 1 j =1,2,....,m  bethe collection

of C,.C-PiF values. Then by using the C, C-PiIFWAM operator their aggregated value is also a C,. C-PiSF
value and

C'C-PIFWAMg (P, Py, P, ..., Py,)

<<ZT=1 (o (ncj))k) i) . 6’2“ ((ﬁl (ar (ng;mW) A)

>
.
N

3

(1 - 35 (o (1 (00)

E = (ay, ag, ..., o))" are a weight vectors of P, with a, € [0,1] and ©"_,a, = 1,7 = 1,2, ..., m.
Let . |
(@) ne, €T (0 (1 - (6y))) e (= (9867)

aipl N i Fim +im
( (al (1 - (,lvbC&))) ‘6127r<041(1—(1pcl ))), (Oél) rc; - elQﬁ(al)Tcl )

and |
P, = < (@) nea e (s (1= (6c,))) €272 (057))), )
7 (as (1 — (e,))) €27 20=0E™))) | () e, e2m@2E"
Then
(o) e ey,
(aip) = | 1 (1= e et tam)
1 (o 1 = (o)) (=2
L () rey ) e2t(@r™)’
and

+zm>’\

I ((az) ey €2 (2 A
(aipy) = | ({021 = (e el a)
2 ({0 (1= (o)) e (==

) imAA
! () e e2ri(lenry”)
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Now

10
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3\ i27r|:( (((Ql) nam))\z +
(o) 1 ()
ag) né,

Let suppose that the result is true for j = k.

<(O&P1)A ® (a4P)" @ (cdP) @ .. @ (a,iPk)A>
<J§1 (o (%j))x> o (;zk:l (o (na))A) ;

127

<
—_

=2 (o (1= (szﬁcj)))k) e

1

®

G
(-3

J

—_

( (2 (rcj>)k> )

1

( )
(o (1= wcj))V) (B O-eEm))

1
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We shows that the result is true for j = k£ + 1. So

((Ozlpl))\ D (CYQPQ))\ D ((1/3P3))\ D...PD (Ctkpk)/\> D (ak+1Pk+1))\

N
—_
|
e
+
—
—~
o)
<
—
[S—y
|
—
<
Q
SN—"
SN—"
SN—"
>
\_/ .
.Cb - .
]
/N 7 — ~
[
™M+
Yoy
Q
7/
T
Yoy
©-
Q+
3
N——
N—
N——
N———

<.
I
—

VR
-y
|
B (=
+ Il
= =
—
o
<
—
[S—y
|
—
=
Q
SN—"
SN—"
SN—
>
v
. .
o
.
(3]
)
—
[
™M+
/N
Q
/N
T
Yy
<
+
3
N——
N——
SN——
N———

12
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Thus

>

(((Cmpl))‘ &b (042P2>/\ fan) (OZSP:’,))\ .. D (akpk))\) & (CleP;Hl))‘)

(z . (ncj))x) (o))

>

)
j=1

=

| i2m ((1%1 (aj (1* (¢g;m>>)k)

)

N o ((Eeeer))

Y

7j=1

(1 5 (0, (1= (60)))

Y

N—— N——
>l
™

(18 - o’

(ji C (rcj))A> % f”((fﬁi (o)) i)

+im +im i27rrg?m

Let {Pj = (nc].ei%”gim, gzﬁcjei%%r ,wc].e’?m/’cr T e J ) =12, .., m} be the collection
of C,.C-PiF values values. Then the C>C-PiF'W AMp, operator is defined by

C?CT — SPFW AMg (Py, Py, Ps, ..., P,)

Sl
S
no
3
/N
T
It
N
Q
<
/~
T
/
<
St
3
N——
N——
N——
>
N————
=
N—————

VR
—_
|
NE
—
Q
o,
—~
—_
|
—~
<
Q
SN—
SN—
SN—
>
N~
>
Q)
. .
N
3
/—\ // /
/~
T
i
Yo
o}
<.
~~
T
~~
<
3
SN—
SN—
SN—
~
S
~

(1 - j: (a; (1— (rcj)))A> e

E = (oq, o, ..., )" are a weight vectors of P, with a, € [0,1] and 2"_,a, = 1,7 = 1,2, ..., m.
Similar to the proof of Theorem 2.2.

+im

. +im . . +im . +im .
Let{PT = (ncTem”cr L Oc, €200 ahp ePTVC rg TG ) cr=1,2, ...,m} be the collection

of C,.C-PiSF values. Let £ = (aq, ao, ..., am)T are a weight vectors of P, with a,. € [0,1] and
+im

. +im . . +im . +im
m o 27 27w, 27 27r Y
27,210474 =1If (77016 <1 ) (bCle G 71/}016 “1 , e, € !

i2mnLim 2™ i2myptim i2nr ki,
<7702 € “2 ) ¢C2€ C2 ) wC2 € ©2 y T'Co€ “2 = ..
_ i2mntim i2nptim 2w tim 2nr Lo\
- (Ucme Cm QSCme Cm d)C’me Om T, € Cm =

. +im . +im . +im . +im
(nCG'LQﬂ’nc ’¢C€z27r¢>c 71/)061271'wc 77“06127”"0 ,) and A\ =1

then C,}C'PEFWAME (Pl, PQ, Pg, 7Pm) =

13
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(Ucei%ngim bc ei2w¢gim e ei27r1/1gim7 ro eizwgim,
. +im “+im —+im
Let <77 6127”7 ,¢ 6127r¢>cl ’w ezZm[JCl Ty 6127””01 ,) 7
i2nnt 2w Lt 7,27r1/)+”n i2nrtim, o
<77 Cs € CQ 7¢C € 02 7¢ cy€ ©2 , Toy€ C2 — ...

+im +im
(nCm z27rncm Qme 1271'¢cm 1/}0 612771/Jcm re,, 6127rrcm ,>

= (ncem”c L be2mE he2mE ™ et ) and £ = (aq, g, ..., oy,)" are a weight
vectors of P, with o, € [0,1] and ¥ ;. = 1, where r = 1,2, ..., m. Based on Definition 2.2, we
get

C,C — PiFWAMyg (P, Py, Ps, ..., P.,)

((é (ar (U&))A) i) ;2”(( 1(°‘r(ng;m)>k)i> |
((1 i(ar 1—(¢c,))) )\>§‘> em((lﬁl( (1 (¢+zm))>k);)

INeE!

(i 0 (10) ) (£ (o w»),
_ (1‘2@41—(%»)) ’2”(1‘2@4 (™))
(i (e ( ))) > (ar(E™)))

14
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, +i +i N
_ (7]0-6127”]0 ¢ 6127T¢> v ¢ 6127r1/1 vm C'€ZQ7TT’sz> )

T

Let{P = (770 e2mE" b 206" o 20" g emrﬂm) r=1,2,... m} be the collection
of C,.C-PiF values. Let E = (a1, g, ..., ) are a weight vectors of P, with o, € [0,1] and
XMoo, =1.If (77 &2 ng ei2m )" e eﬂwﬂm,rc 2] ) =

(77 2" , pCoe’ sy , Vo€ w“m,r@eﬂmggm’) = ...

_ (Ucm 2 e, oi2me, " e, pi2mE " T, esz-“m,) _

nee?ME™ | Bet?m®E ahoet?m ™ ce’?m"gim’) and \ = 1,
then C2C-PISFWAMp (P, Py, Py, ..., ) =

ncei%rnc gbceﬁmb"'zm woeﬂww“m’ Cez2wr+lm ) )

Similar to the proof of Theorem 2.2

+im +im . +im .
Let {P = (770 2" b €270 ahe 2TV pe 20 ) r=1,2, ..., m} be the collection
of C,.C-PiF values and F = («, ao, ..., ) are a weight vectors of
P, with o, € [0,1] and X7 v, = 1, where r=1,2..,m.
Let P : i2m, mip n&;" i2r, e 65" i2m max 08" i2m min ré "
etP~ = min e IErsmoTTmax e =rsmo T max e IErsme T min roe r<m T
1§r§mn07 T1<r<m 9 "1<r<m ve, "1<r<m Cr
i27 max nglm i2m max (1)3”” 427 min zbgim i2m max 'rgim
Pt = max L<rsm =T min l<rsm FT min e lsrsm YT mgx po e 1Srsm T ,
1<r<m770” ’1<r<m¢0r ’1<r<mwc 1<rem O ’

where and A = 1. Then P~ < C}C-PIFWAMg (Py, P2, Ps, ..., Py,) < P™.

+im +zm . +im .
Let{P = (770 2" b €270 ahe 2TV pe 20 ) cr=1,2, ...,m} be the collection
of C,.C-PiSFvalues and F = (a1, ao, ..., am) are a weight vectors of P,, wherer =1, 2, ..., m with
€ [0,1] and ¥, a0, = 1.
1271' min nglm i27 max d)éim i27 max wgim 127 min rg”"
LetP~ = min Isrsm =" max lsrsm =T max e tsrsmo 7T min r¢..e tsrsm T
1<r<m77 T1<r<m Po,-€ 1<r<m¢c "1<r<m Cr
127 max 77+”n 127 ma; (Z)J”m i2m min wg’m 127 max r‘gim
P+ — max 1<r<m min 1<r<m mln 1<r<m T max r 1<r<m ~7
1<r<m G- 1<7"<m¢CT "1<r<m ve,-e "1<r<m Cr-€ ’

whereand A = 1, we get (1¢,)? max 7c, ) wheret = 1,2, ..., m.Thenwe have o, (n¢,) < ar <112132x 77&)
sSrsm

3

. This implies that E ar (ne,) <
r=1

m
h h
z:: <lgzi<x ne, ) then we have,

m
ar (ne,) < ( max 7, ) > «, This

r 1< <m r=1

1
m m

implies that > «a; (¢,) < < max ncf) and this implies that <Z ar (ne,) | < max n¢,. Hence
r—1 1<r<m r—=1 1<r<m

m .
(Z a, (776”})) < max n". This implies that

1<r<m

15
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127r(
(&

im

et (nim)) 127 max
AN <e 1<7‘<mnc7" Thus

(Z o (05! > on(& e ()

127r max
1 <r<mnCT

INgE

< max 17
1<r<m

On the other hand, we get (¢¢,) > <1§11<n qﬁc) . This implies that — (¢¢,.) < — (1211111 <;SC> and , also

1—(¢c,) <1-— ( min QSC) , Where, 7 = 1,2, ..., m. Then we have o, (1 — (¢¢, (v))) < a, (1 — (¢¢ (u)))

1<r<m

ar (1= (od¢,)) < ar <1 - ( min ¢C>> then we get,

1<r<m

ar(1=(60)) < ar (1 (i o))
= éar (1—(¢c,)) < iar (1 - <121<nm¢0>>

r=1

. fjar 0o < (1- (i o)) fja
= —Zw —(¢¢,)) > <1 - <lgi§m¢c>>
oo ;aru ~(e 21~ (1 ((min oc))
= 1- ,Z:ar (1—(¢c,)) = <1g@m¢c)
N (1-5)1% (1- <¢cr>>> > min oo

ar (1 — (¢CT))> > 1£r71nignm(j>c. This implies that

<1 — 2 ar (1 — (¢Cr))> > 1gi§11m(bc. Also

> min ¢5". This implies that
) > 1g?m¢c is implies

ﬁ
I
—

i2m (17 > ar(lf(@jm))) i2w1§r2§1m¢gim

. Thus

(Liar(l—wcr))) (L)

127 min im
1 <r<m¢c

vV
o

>  min .e
- 1§r§m¢c

<r<m

On the other hand, we get (¢¢, ) > (lmm ¢C> . This implies that — (¢¢,.) < — (1£n1<n ¢C) and , also
'

12111<n ¢C> ,Where, 7 = 1,2, ..., m. Then we have «, (1 — (¢, (v))) < a, (1 — (Y (u)))

1—<m>g1—(

16
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min Q,Z)C)> then we get,

ar (1= (Ye,)) < oy <1 - <1 Zr<m
min 1/}c>>

(1-(e)) < a <1 - <1<7~<m
= f:ar (1= (¢c,)) < iar (1 - <1§Hii§r“mwc)>
min ¢c>) i Qr

1<r<m
r=1

N ZO"’ (1—( ¢CT))§( _<
—;ar (1= (e,)) =z - (1 - <1$@mwo>>

N 1_§;ar(1—(¢0r))21_(1_<mm %’))

1<r<m

min ¢

N 1_2”1:%(1—(@&@))2(19@ )

min e

= (1—2% (1= (ve, )) i

n ¢C This implies that

'gE

o (1 <wcr>>) > lgglmwc. Also

(-
r=1
m .
(1 - > ar(1- (¢gj))) Y. This implies that
r=1
2 1— U - 1— ,lz}zm ) 2 wzm
K ﬂ( 2 ar(1-(ve})) S 2B VE L
m Z%(1_ S a (1 (¢+zm>))
(B ) P
r=1
327 min wgim
> 3 i 1<r<m
= glrlgnmwc e
(re,) < < max rc, ) where ¢ 1,2,...,m. Then we have r, (n¢,) < 7, < max ¢, > . This implies
1<r<m 1<r<m
m m
that > o, (r¢,) < Z ay < max rcr) then we have, > a, (r¢,) < < max rg, ) >~ «, This implies that
r=1 r=1 I<r<m r=1 1<r<m r=1
m m
Yo (rg,) < ( max rcr> and this implies that (Z a, (re,) | < max re,. Hence
r—1 1<r<m r—1 1<r<m
max ¢, . Also

m
a, (r < max r2". This implies that
Ct 1<r<m c-
'

”")) i2mr_max r
< e 1=rsm ~" Thus

e >~
m .
. 7,27r<
im
(E :aT’ (rCt )) €
r=1
12T max T‘C
e 1<r<m .

/\\K/\\
1§

2 o (rir) )

r=1

< max rg’
1<r<m "
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Based on Definition 2.2 and Definition 2.2, we get CrC-PiFW AMg (P, P, Ps, ..., Py,) < PT. Similarly,
we can have C1C-PiFW AMg (Py, Py, Ps, ..., Py,) > P~ . Finally we get,

Pt > ClC-PiFW AMy, (Py, P, Ps, ..., P,,) > P~.

+im +7/m +im .
Let {P (770 2" po €270 ape €2V e 270 > r=1,2, ...,m} be the collection

of C2C-PiF values and E = (a1, as, ..., am) are a weight vectors of
P, with o, € [0,1] and X7, = 1, where r = 1,2, ..., m
Let A
P 227r1<rmél 77+”n 127r12na<x ¢+Zm z27r12na<x ¢+”n z27r1éniél rézm
~ = | min .e r<m ST max e 1srsm max .e r<m ST max ree lsrem 7
1<r<m NG T1<r<m 2eh "1<r<m ve, ’1rmc

" 27 max gim 27 max (bgim 27 min ¢gim 27 max rg:m
PP = max no.e 'SETUT L omin doe SETT L min doe 1SS min roe TEET ),
1<r< 1<r<m 1<r<m 1<r<m

where and A = 1. Then P~ < C?C-PiFWAMEg (Py, Py, Ps, ..., P,,) < P+,

Similar to the proof of Theorem 2.2.
+im 127r¢+1m

Let {Pr = (Ucﬁmngimﬁcrem%r ,Y,e

+im* +ima* . Tm* 1Mk
{P* = (77 2o g, BTV g, ePTVer 1y, €70 > cr=1,2, ,m} are two collec-

tiqns of C,.C-PiF values. If no, < ne, s 77(,; > ncr " 90, > Gb@ Gbcr = 32*7 Yo, > 1/)(; @/’Cr =
o re, ST ,andr < r””* wherer = 1,2, ..., m, then C}C-PiFW AMg (Py, Py, Ps, ..., P,) <
CIC-PiFW AMg (P;, P}, P;, ... PL).

+im - +im
Given that P, = <770 el%nm , bc, ei2mec, e, e2me, TC

r

“+im
T e ) r=1,2, ...,m} and

T

. +im
ezQwrCT > and
+im*

. 2 +imx - - +im* . .
Pl = (na,e”’%r R e A A ) are two collections of C,.C-PiF val-

ues, where r = 1,2,...,m. I'f 776‘ < 77*07778? < e do, > G, OE > QI e, > UE
Y > i re, < g, and r < e then (ne,) < (ng, ) - As we have

(ne,) < (né)
a (ne,) < ax (n5,)
)

= Qe
= (o (ne)) < (e (05,))"

= Y (o (ne) < (anr ()"

>
>

m m
= (o (me)) | < (D (o (nc,))
r=1 r=1

>l
>l

= @ me)) | < [ (o
r=1 r=1
Thus ) )
m BN X

(r )] |- )

™
=
=
3
=
IA
NE
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Further,
(ner (w)) < (e (u)) <
= ar (0 (w) < oy (0" (w)
= (o (7 () < (o (i ()))
= 3 (o (8 ) < (o (8 ()’
- (Steter) < (Seorr)
. ((z (o (15) )) < ((z (o (5 >>A)A)
Hence

From (i) and (ii)

Now

b 4 4 v
T
=
Q
~
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Then we have

< ;(ar(l—@c))f
- -3 <1—<¢c>>>xz—i(a (1= (9))°
= 1—i<a (1—(¢o)))kzl—i(0‘ (1= (9)))"

Also

_ _f;@ (1—(¢g:))>*z—f;(a (1- (o))"
S =Y (= @) 2 13 o (1= ()

20
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> (o (1= o))
< 3o - (2)’
= —ﬁ:m <1—<wcT>>>Az—§;(a (1-(¥5,)))"
= 130 = ) 2 1= 3 (o (- ()

Also

< 3 (o (1- (i)
- ‘2““ <1—<we“:>>>h>—§<a (1 - (i)
- 1—§;<ar<1—<w:>>>51—il<a (1= (i)
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This implies that

el [(+- B o))

From (v) and (vi) , we get

Now

Thus

Further,

L 4in

22
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Hence

From (i) and (ii)

>

> (an(re,))

r=1

(
(St}

Thus, from (A) ,(B) ,(C) and (D), we have

N

<

r=1

IN

-3

r=1

v

) i(<
)A«

INeE:

(e (

1

( (z @ <rcr>>A)

Hence CrC-PiFW AMg (P, Py, Ps, ..

Let {P = (
{P: — (nérez%rncr 7¢2’r612ﬂ-¢gi‘m*7@/}éreﬁﬂ-wgl'm*’ réTe
tions of C,.C-PiF values. If ne, < g, nit <
& re, > g and T > @ wherer = 1,2, .
020 -PiFW AMg (P}, Py, P;,....P}) .
Similar to the proof of Theorem 2.2.

)
+im
ne, ezancr ¢C ez27r¢cr wC 6127r1/JCT TG, 6127rrcr

+im*
2271'7“0

m then C2C-

Tcr

Pn) < CrC-PiFW AMy, (P, Py, Py, .

(ar (1= (&))"

)

1
+imx A

S PR

) r=12....m }and

> r=1,2,. m} are two collec-

zm* ¢C > ¢C ) szcv: > ¢zm*’ wCr Z wé’w wz&z =

PiFWAMg (Py, Py, P, ..., P,,) <
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+im +im +im

. +im : . .
Let {Pr = (7707 2N ey , ¢Cr el27r¢cr ; wC'T 6127T1ZJCT re, ezQTrrCT

of C,.C-PiF values and let C!C-PiFOW AM : Q™ — Q,

1
ifCLC-PiFOW AMp (P, P, P, s Pu) = ((a1Ps) " @ (02P5) @ (03Pi@)” @ . @ (i Pamy) ')
then C!'C-PiFOW AM is called a Circular complex Picture fuzzy ordered weighted averaging mean
operator of dimension n, where (§(1),d(2),...,0 (m)) is a permutation of (1,2,...,m) such that
Psir—1) > Py for all v, Q) is the set of all C,.C-PiF values, £ = (a1, as, ..., am)T are a weight
vectors of P, with o, € [0, 1] and X" o, = 1, wherer = 1,2, ..., m.
Let P, = <770Tei2”’73im, gbore”wgim, @bcreﬂwgim, rcreﬂ’”'g:m be the collection of C'rC-PiF values,
where r = 1,2, ..., m. Then by using the C,.C-PiFOW AMF, operator their aggregated value is also
a C!C-PiF value and

) r=1,2, ...,m} be the collection

C}C — PiFOW AMy (Py, Py, Ps, ..., P,,)

(8 60 (e )))) l(Eee))]

where E = (o, o, ..., ay,)" are a weight vectors of P, with o, € [0, 1] and ¥"_, o, = 1, where .

Similar to the proof of Theorem 2.2.
. +im . “+im . “+im - +im . .
Let P, = (77@6’27”’“ L he, €270 ahe €TV pe T > be the collection of C'rC-PiF values,

where r = 1,2, ....m. Then C>CT-PiFOW AMfF, operator is defined by

C?CT — SPFOW AMg (Py, Py, Ps, ..., Py,)

where E = (ay, s, ..., oy,)" are a weight vectors of P, with a, € [0,1] and £"_,a, = 1, where .
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Similar to the proof of Theorem 2.2. _ _
Let {P (770 e2mE" b 20" e 2TV rcreﬂ”gim) r=1,2, ..., m} be the collection

of C,C-PiF values. Let ' = (a1, ay, ..., @ m)’ are a weight vectors of P, with a,, € [0,1] and
Yo = 1If (77 2] , ey ¢ lve”] e, e [WWL],?%;I.@"2 Wim]) - (7702.62 [ NOIoN 2 [ve"] ;e

_ i27r7]gim 127r7¢1+”n z27r7,b+lm 127r77+1m
- (WCm-e m 7¢Cm€ 7w0m yTCm, -€
. +im . +im . +im . +im
= (Uc.em%‘ , PoePTET PePTVET g e?Tie ) and A = 1, then

ClC-PiFOWAMg (Py, Py, P, ..., P,,) = (nc.ei%né"’”, boeVE™ e E™ re. ezzwn“*”> _
Similar to the proof of Theorem 2.2. _ _
Let { P = (770 2™ b, @’2“‘1““”, ¢CTei2W$lm’ ro, eﬂméim) r=1,2,.., m} be the collection

of C,C-PiF values. Let E = (a1, aa, ..., am) are a weight vectors of P, with o, € [0,1] and
Xmion = 1.0f (77 ei%[ngim] , b0y elzﬂ[d’ﬂm] o elzw[d’ﬂm]’rcl.ei%[”gim]> = (7702-62 ["Jcr;m] L OC, eZQ“[wﬂm] ,o,e

i2mnLim i2mpLim 27 'Hm P27 ‘Hm
= (nCm-e 1em 7¢Cm€ Ve 7w0m Ve m,Tc, € e
. +im . +im . +im . +im
- (nc.eﬂmc e 2TVE™ i e2TVE™ o g2 ) and ) = 1, then

C2C-PiFOW AMg (Py, Py, P, ..., P,,) = (nc.ei%né“", boeVE™ o E™ re. emrﬁm) _
Similar to the proof of Theorem 2.2.

i2mntt 127rq5+1m z27r'¢)+1m i2mrimy .
Let{P (770 ei2mie:” , Qo€ o€ , o€ Cr ) r=1,2, ...,m} be the collection

. T . .
of C,.C-PiF values and F = (a1, g, ..., a,,)" are a weight vectors of P, with o, € [0,1] and
m —
Xmon = 1. Let
27 min ném 12T max ¢6m 127 max d%m 27 min rc
P~ = min 1srsm T max isrsmo 7T max e I=rsm TN omin ro e tSrsm T
1<r<mnc’“ "1<r<m b€ 71<T<mwc " 1<r<m C"
and
i27r max nzc"rl 327 min ZCT: 127 min ng’; 127 max rg'rl
Pt = max g, Lsrsm T min ¢g,.e 'STSm T min ¢g,.e 'S T max rg,.e Srem ,
1<r<m 1<r<m 1<r<m 1<r<m

where and A = 1. Then P~ < C!C-PiFOW AMg (P, P», P, ..., P,,) < P,

Similar to the proof of Theorem 2.2.

Let {Pr = (770 2" b, 28" e 612”’”“7”, ro,.e ’27”"+m> r=1,2, ...,m} be the collection
of C,.C-PiF values and £ = (a, ag, ..., am) are a weight vectors of P. with o, € [0, 1] and
Mo, = 1. Let

_ 127r min nzc"rl 127 max qﬁZC": 127 max ng'; 127 max rzc";
P~ ={ min g, tsrsm 770 max ¢g,.e  '=T=m T max Yg,..e  =7Sm T max re..e  Ssm
1<r<m 1<r<m 1<r<m 1<r<m
and
i27r max ném 127 min q%f” 127 min 1/)7‘07” 27 min rc
P+ — max ,’7 1<r<m ) HllIl ¢CT 1<r<m 7" mln wc e 1<r<m ~T Hlln Tsc e 1<r<m ,
1<r<m 1<r<m 1<r<m 1<r<m

where and A\ = 1. Then P~ < C?C-PiFOW AMg (P, P», B, ..., P,,) < P,
Similar to the proof of Theorem 2.2. ,
Let {P (770 G2E" | B, 2" i, e2TVET 1, eizﬂcim> cr=1,2, ..., m} and

* % i2mntimr 1271' * 1271'1/1“’“*
{P"” ~ (ncre er oc, € e, e

tions of C,CT-SF values. If ne, < n¢,, ¢t < 1, do, > 66, 98 > ¢, Yo, = Ug,, Ve >

& ore, < g andrdt < rgt*wherer = 1,2, ..., m, then G C-PiFOW AMg (Py, Py, Ps, ..., Py,) <

ClC-PiFOW AMy; (P, P}, Py, ..., P%)

+’L’m* +imx
e e €T > cr=1,2, ,m} are two collec-
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Similar to the proof of Theorem 2.2. '
Let {P = (770 28" b 20" e eZQ’rwlm,rcreiQ”’”gim) cr=1,2, -'-,m} and

—+imk

{ P = (n*orel%ncr L @RSy, ePTE™ e e”””gim*> cr=1,2, ..., m} are two collec-
tions of C,CT-SPF values. If ne, < n5 ., nd" < n@™, ¢c, > b5, 68 > OF*, Yo, > U§,,
VEr > P re, > g and Tt > ri Where r=1,2,..,m,

"then C2C-PiFOW AMy (P, Py, P, ..., Py) < C2C-PiFOW AMy (P?, S, Py, ... P*)

Similar to the proof of Theorem 2.2.

3. Complex circular complex picture fuzzy weighted geometric mean
aggregation operators

Here, we provide some new geometric aggregation operators, complex C,.C-PiF weighted geo-
metric mean aggregation operator (C,.C-PiPFWGM) and C..C-PiF ordered weighted geometric mean
aggregation operator (C,.C-PiFOW G M), using the suggested operations.

Let {PT = (770 ei2mé” , e, e’zmam,w@eﬁwéim,rc 6227”“;”") r=1,2, ...,m} be the collection
of C,.C-PiF values and let C,.C'-PIFOWGM: Q™ — () if 1

CLC-PIFWGMy; (Py, Py, Py, ., P) = ((PE™) & (P5°%) @ (PP™) @ ... (Pgen))  then
C,C-PiFWGM is called a Circular complex picture fuzzy weighted geometric mean operator of di-

mension n, where 2 is the set of all C,.C-PiF values, £ = (ay, s, ..., am)T are a weight vectors of
P, with o, € [0,1] and ¥ ;o = 1, wherer = 1,2, ...
Let{PT = (770 2" e em‘bg;m,w 2" pe, 6’27”"3”" :r=1,2,...,m } bethe collection

of C,.C'T-SF values. Then by using the C,.CT-SFW G My operator their aggregated value is also a
C,CT-SF value and

= C!C-PIFWGMg (P, Py, P, ..., P,)

7))
(i:;l o (6c,) *) ) .em-(
)))-

(Z o, (Ye,)) )\ -€ ! 5
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1= 3 0 (1= a))) ) e
where E = (a1, as, ..., ay,)" are a weight vectors of P, with o, € [0,1] and ¥"_,c, = 1, where

r=12...m
Similar to the proof of Theorem 2.2.
+im +im . +im - —+im .
Let{PT = (770 e e €200 ape €TV re e 2Ter > r=1,2, ...,m} be the collection

of C,.C-PiF values. Then by using the C,.C-PiF'W G MF, operator their aggregated value is also a
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where E = (aq, as, ..., ay,)" are a weight vectors of P, with a, € [0,1] and ¥"_ o, = 1, where
r=12,...m

Similar to the proof of Theorem 2.2.
Let {Pr = (Ucreigma 0,20 e TV C,«eﬂmém) cr=1,2, ...,m} be the collection

of C,C-PiF values. Let E = (ay, as, ..., oyy)" are a weight vectors of P, with o, € [0,1] and
;2 +Vm i2 +1m » +im
Em Loy, = 1.If (770 6127"701 ¢ 61 TS 7w 6% TP 7TCleZ e, ) _
i2mntim i2 im ) +zm oy Him
(770 e e, ¢ ez ﬂ'(b ¢ ez T TGy ez LN ) -
. —+im —+im +im
= <7]Cm 6127”70771 , ¢Cm 6127"‘1’ , z/}Cm ez 2w, ro,, 6127rr )
197 Lim ; +im +im o . tim
— (noez2wnc ’¢C€z27r¢c wceﬂmb , Cez2m~c ) and \ = 1 then

CLC-PIFWGM s (Py, Py, Py, . Pr) = (10 et e oo™
Similar to the proof of Theorem 2.2.
Let{P = (770 2" b, ¢2mos” s Yo, 2" creﬂmﬂm) r=1,2, ...,m} be the collection

of C,C-PiF values. Let E = (ay, aa, ..., oy,)" are a weight vectors of P, with a;. € [0,1] and
Zm Lo = 1.If (770 61271'7701 ¢ 6127r¢ im ¢ ezQﬂgbg;m,TCl ei27rrg;m> _
+im +im

i2mn i2rLim 127 i27r .
(77026 ,Pene % ho, eV et C >—

127rr+””>

+im

; +i
- (Ucmemnc"l e, €70m e, eV re, e
; +im +im .
—_ (7706227r770 ¢06127r¢ ¢Cez27rw , Cez2rrrc ) and \ = 1 then

¢+”" wc eli2m

w+zm

Cel2ﬂr+lm>
s .

C2C-PIFWGMy (P, Py, P, . Pr) = (11002716 goenoc
Similar to the proof of Theorem 2.2.
Let{P = (770 G2 e, 2O 1), e2TVE CT6’2”T+W) cr=1,2, ...,m} be the collection

of C,.C-PiF values and E = (o, v, ..., o)’ are a weight vectors of P, with o, € [0, 1] and
Xmion = 1.
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Let
. . +im . +im . +im . .
. . 127{ min 75 } _ 2271'[ max Y } _ 2271'[ max Y } . 127{ min
P~ = min ng,.e B=r=m ) max i e Lisrsm , max g .e Lsrsm , min 7nc,.e Lsrsm
1<r<m 1<r<m " 1<r<m " 1<r<m
and
i ’i27‘l’|: max ngim:| . i27r[ min wgim:| . i27r[ min wgim:| i27r{ max
P" = | maxng..e L=srsm , min Yg, .e L=rsm , min Y¢, .e L=rsm , max ng,.e L=sr=m
1<r<m 1<r<m 1<r<m 1<r<m

where and A = 1. Then P~ < C!C-PIFWGMg (P, P, P, ..., P,,) < PT.
Similar to the proof of Theorem 2.2.
—+im i27‘(’$+im

. +im : : +im .
Let{Pr = (ncrem"m L b, €200 ahe eV e eTTOr > r=1,2, ...,m} be the collection

of C,CT-SF values and E = (o, v, ..., ay)’ are a weight vectors of P, with , € [0,1] and

m —
2o, = 1.
i2w[ min n*"”] 1727r|: max w“m} iQT{ max w“m] i27r[ min T,“m}
— . C — C _ C Cr
PT = min 7nc,..e 1srsm =7 ,  max wc .e isrs=m T ,  max zpc .e 1<r<m r , max ng,..e 1srsm =7 and
1<r<m 7 1<r<m ©r 1<r<m ©r 1<r<m "
12ﬂ[ max ngim] i27‘(|: min wg”"} i2rr[ min wé:”"’] i27-(|: max ng””}
Pt = max 7c,..e tsrsm =T ] min Yo, .e isrsm =7 ] i Yo, .e Isrsm =7 ] min ne,.-e 1<srsm =T ,where
1<r<m r 1<r<m r 1<r<m r 1<r<m T

and X = 1.Then P~ < C2CM-PFWGMg (Py, P2, P3, ..., Py) < PT.
Similar to the proof of Theorem 2.2.
+im +im

. +im . . . im
Let {Pr = (ncrez%”Cr L pe, €270 ape ePTVer pe eTTer ) r=1,2, .., m} and

+imx +im* +im*

P = (naei2wn$i’"*7 P €00 r, €TV ik, e > r=1,2,.., m} are two collec-
tions of C.C'T-SF values. If f e, < ng, ner < i de, > b, dE > QI Yo, > g
Yt > e e, <rgand rd < g wherer =1,2,...,m, then

C.C-PIFWGMg, (P, Py, Ps, ..., P,) < C1C-PIFWGMg (Py, Py, P}, ..., PY) .
Similar to the proof of Theorem 2.2.

+im +im “+im

o Fim ; ; :
Let {Pr = (nCTeﬂ’mCr L hc, €200 ape eV o eTTOr ) r=1,2,..., m} and
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+im* +imx “+im*

{P: = (n*cre”“”gim*,qﬁ*@ei%%r i N A ) r=1,2,.., m} are two collec-
tions of C,CT-SPF values. If f e, < ng, nét < n¢t, de, = ¢, 96 = 6, Yo, > UE,,
et > e e, <rgand rdt < g™ wherer =1,2,...,m, then

C,.C-PiIFWGMg (P, Py, P, ..., P,,) < CEC-PIFWGME (P, Py, Ps,....,P").

Similar to the proof of Theorem 2.2.

. im . +im . “+im - +im .

Let{ P, = 7707.612’"’5 L bc, €200 ahg ePTVC pg ePTTC ) cr= 1,2,...,m} be the collection

of C.C-PiF values and let C.C'-PiIFOWGM : Q™ — (), if 1
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then C,.C-PiFOW G Mpg is called a cricular complex picture fuzzy ordered weighted geometric opera-
tor of dimension n, where (6 (1),0(2), ..., (m)) is a permutation of (1,2, ..., m) such that Ps;_1) >
Ps(y for all v, 2 is the set of all C,.C-PiF values, E' = (a1, ag, ..., am)T are a weight vectors of P,
with o, € [0, 1] and X7, v, = 1.

Let {P, = (ncTem"gim, b, 2" o 2" r=1,2, ..., m} be the collection
of C,.C'T-SF values. Then by using the C,C-PiFOWGM, operator their aggregated value is also a
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where E = (a1, as, ..., ay,)" are a weight vectors of P, with o, € [0,1] and ©"_,a, = 1.
Similar to the proof of Theorem 2.2.

+7,m +im . +im .
Let{P = (770 2" b €200 b 2TV pe 20 > r=1,2, ...,m} be the collection

of C.C-PiF values. Let £ = (ay, g, ..., am) are a weight vectors of P, with o, € [0, 1] and
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Similar to the proof of Theorem 2.2.
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Similar to the proof of Theorem 2.2.
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+i71L] . [ . +'LHL} { . +L77L] . [ +im

i2n| max n i2r| min ¥ i27| min i2n| max 7
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Pt = max [IS"'S"L T min e lsrsm =7 ,  min 1srsm ~T max e lsrsm =7 ,where
| Zax, ney-e i Yo, iz Yo,.-e s A ney

and A = 1.Then P~ < CLC — PiFOWGMp, (Py, P2, Ps, ..., Pm) < P™.

Similar to the proof of Theorem 2.2.
Let{P (770 2" G, €2T0E" e, 2TVET e e mrﬂm) r=1,2, ...,m} be the collection

. T . .
of C.C-PiF values and £ = (a1, ag, ..., ;)" are a weight vectors of P, with o, € [0,1] and
Yo, =1, wherer =1,2,....m
Let
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Pt = lén'r'aﬁxmnche |:1<T<m “ ] lgr?'igmeT'e |:1STSM o Llﬁnrl'igmeT'e LSTSW o :|’1§Ir'r"i£”n77(/‘r-e [1ST<m or }),where
and A = 1.Then P~ < C2C-PiFOWGME (Py, Py, P3, ..., Pm) < PT.
Similar to the proof of Theorem 2.2.
. +im . +im . +im . +im
Let Let {Pr = (ncre”””m e, €200 ahe €PTVE pp T ) cr=1,2, ...,m} and
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hqns of C,.C-PiF values. If f ne, < ng, nét < né™, éc, = 06, 96 = o Mﬁcr > e, ¢
are, <rgandrd < rg*wherer = 1,2, ..., m,then C} C- P@FOWGME (Py, Py, Ps, ...,P ) <
C’}C PiFOWGMg (P}, Py, P}, ..., PY) .

Similar to the proof of Theorem 2.2,

3 im ; +im +7/m
Let Let { P = (770 6227"7& e, ei2més, e 12T

O, ei%réim> r=1,2, ...,m} and

{P;‘ = (TI* P g ¢ (2mSET Ut e 7«27T¢+1m*,7"2~r 12“”""*) cr=1,2, ,m} are two collec-
tions of C,.C-PiF values. If f ne, < né& , nd* < nd™, o, > ¢, G > ¢, e, > Ve, V& >
V& re, <reoandrd < r@*wherer = 1,2, ..., m,then C2C-PiFOWGMg (Py, P, P, ..., P,,) <
C’,?C’ PiFOWGMg (Pf, Py, P;,....P").

Similar to the proof of Theorem 2.2.

4. MADM technique using CRITIC-WASPAS method based on circu-
lar complex picture fuzzy environment

Based on the evaluations of certain experts in the field of decision-making attributes, MADM
(Multi-Attribute Decision Making) is considered a crucial method for selecting an option from a range
of appealing alternatives. The decision-maker consistently aims to follow the most effective and ratio-
nal course of action, making MADM particularly valuable in practical scenarios. Therefore, choosing
the right decision-making approach is vital, and different techniques should be employed depending
on the context. The WASPAS method, originally introduced by Hwang and Yoon [28] , focuses on prox-
imity to the ideal solution. Additionally, Table 3 illustrates the rationale behind selecting the WASPAS
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method for ranking, offering a comparative overview of its features against various MADM techniques.

Table 3 Comparative assessment of Proposed WASPAS with traditional methods

Methods Time Simplicity I\l?g;j;?ncjl Stability Information Types

AHP High Very Complex Maximum Poor Mixed

VIKOR Less Simple Moderate Medium Quantitative
ELECTRE High Moderately Complex Moderate Medium Mixed
PROMETHEE High Moderately Complex Moderate Medium Mixed
LINMAP High Moderately Complex Maximum Medium Mixed

TOPSIS Less Simple Minimum Good Quantitative

WASPAS Very little Very Simple Minimum Good Quantitative

Unlike other weighting methods, the CRITIC technique incorporates statistical concepts. It assigns impor-
tance to criteria from a statistical stand point by utilizing measures such as the correlation coefficient and stan-
dard deviation. This characteristic allows CRITIC to produce distinctly different weight values for criteria an
aspect often lacking in alternative weighting methods. The viewpoint adopted by the decision-maker (DM)
becomes essential, and identifying this perspective in alignment with scientific principles is necessary before
selecting a decision-making approach. A key benefit of the CRITIC method is its ability to normalize the decision
matrix using the optimal values of the criteria simultaneously something not typically seen in other techniques.
Therefore, in this section, we introduce a Circular Complex T-Spherical Fuzzy Set framework based on the pro-
posed CRITIC-WASPAS model to address the MADM problem.

4.1 CRITIC-WASPAS method

Let G = {Gi : k =1,2,3,...,1} be the set of experts, whose weight vector w = (wy, wa, w3, ..., w;) . Let
U=A{C;:i=1,2,3,..,m} be the set of alternativesand P = {P, : r = 1,2, 3, ..., n} be the set of attributes.
Let QF = ((nﬁ, gbft, 1/)5, rﬁ))mm be the decision matrix (Information system) for each expert G. In this sec-
tion, we construct a MADM methodology, including the following key steps:

Step 1 : Two categories of attributes, such as cost and benefits, are included in this procedure. Normalized
the decision matrix to convert costs into benefits based on the following formula:

. +im +Lm . —+im —+im . .
ne, €2mer" ge 200 e e2VCr pe e for benefit attribute P,

227r7‘+”n QSC 6127r

Cli =
J TCT /l)Z)C,,‘ Z27T

w-&-zm ¢+Lm

P .
,nc, €2™e" ) for cost attribute P,

Step 2 : Compute the correlation coefficient Tfj between the attribute of each expert G, where

o Bl -saer)|(sser -soer)
m m . .2
\/t;(s(:(m - Se(C >)¢§(( c(C)" = Se(C))"))

OR

ol o) (e e - e @)

\/i(ﬂcku)% He, (1) \/2 Ha, (Ci0)" — He, (C))" ))27

G (C) and ¢, (C; ) 7 are the ith and jth C,CT-SFW As or C,.CT-SFW Gs by applying Definition
2.2 or Definition 3, to aggregate the attribute P; and P; of each Gy, i.e.
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Step 3 : Compute the combined correlation coefficient T;; is

: l
Ty = mm{'r}j,rfj, T]}
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Step 4 : Calculate the standard deviation S¢x of each P; for each expert G, where
J

SDJK = ﬁ tz_; (HGk (Ct]) — Hg, (C )Pj)Q‘
OR
SD =\ ;=T tzl (SCGk (Cj)" — Hg, (C; )Pj)Q'

Step 5 : Calculate the simple standard deviation SSDj of each P;, where
. l
SD; = mm{SD;,SDf,SDj?, ...,SDj}.
Step 6 : Calculate the index St,qp p;) of each P; by

Ind (Pj) = SD; ) (1= T4;).

t1=1
Step 7 : Compute the weight of each P; by
~ Ind(FP))
> Ind (P})
j=1
Step 8 : Using C,.C-PiFWA and expert’s weights, we can utilize overall g, (CZ])P to ¢ (Cj; )

bine group decition matrix G = [G (Cij)Pr} ,where ¢ (C’ij)P
mXxXn
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Step 9 : Compute the weighted matrix ,,G = [G (Cij)wTP’"] = [wT XG (C,»j)P”} , where

Wy X (Cij)PT

<<(aj (rcj))k)i> 2( (o (@;ﬁm))*)x)

and w,. is the weight vector of P, which is obtained from Step 7.
Step 10 : Compute the Score of AM of weighted matrix ,,G using the following formula

SC(AM) = SC(Pl) = é {(7701) + (nZCnll) + (TC1) + (T‘gf) - (¢C’1) - (ch'f) - (¢Cl) - (QSZ(ST)}
OR

H(AM) = H(P)= é {(noy) + () + (Wor) + (V&) + (dcy) + (98) + (rey) + (ke } -

Step 11 : Compute the GM of weighted matrix ,,G = [G (C’Z-j)wrp"] = [wr Xa (Cij)P’"] , where

mxn mxn

Wy X@ (Cij)

and w, is the weight vector of P, which is obtained from Step 7.
Step 12 : Compute the Score of GM of weighted matrix ,,G using the following formula

Se(GM) = Se(P) = ¢ {(ney) + (%) + (rey) + (%) — (Wer) — (W) — (dey) — (42)}
OR

Compute the Accuracies of GM of weighted matrix ,,G using the following formula
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H(GM) =H (P1) = é {(ney) + (d) + Wey) + (&) + (dey) + (88) + (rey) + (rE) }

Step 13 : Calculate WASPAS (Q);) using the following formula
Qi =ax Sc(AM) + (1 — a) x Se(GM)

OR

Qi = a x H(AM) + (1 — a) x H(GM)

Step 14 : Rank the preference order.
The ranking is determined by the Q); values, higher Q); values, higher the rank, and thus greater the alter-
native’s results.

5. Analysis of stock market and financial sustainability

The stock market plays a vital role in the modern economic system, serving as a platform where investors,
institutions, and corporations interact to allocate resources efficiently. It supports economic growth, innovation,
and financial inclusion by facilitating the buying and selling of securities such as shares, bonds, and derivatives.
The main goals of a sustainable stock market are to ensure transparency, investor confidence, risk manage-
ment, and long-term financial stability. Through diversified investment strategies, regulatory frameworks, and
advanced technological tools, the stock market enhances capital formation and economic resilience. In general,
a well-functioning stock market contributes to sustainable economic growth, improved income distribution, and
a stable financial environment. Various dimensions are considered in stock market development to guarantee
investor welfare, economic viability, and market sustainability. These dimensions include:

(i) Market Efficiency:

Market efficiency refers to the degree to which stock prices reflect all available information. In an efficient
market, securities are fairly valued, minimizing opportunities for arbitrage or speculative manipulation. The
concept of market efficiency ensures that resources are allocated optimally, fostering investor trust and capital
growth. Efficiency can be improved through transparency, rapid information dissemination, and effective regula-
tory mechanisms. It plays a central role in maintaining investor confidence, preventing bubbles, and supporting
long-term economic development.

(ii) Investment Efficiency:

Investment efficiency in the stock market refers to the optimal allocation of financial resources across var-
jous sectors and securities to maximize returns while minimizing risks. Investors utilize data analytics, financial
indicators, and multi-criteria decision-making models to evaluate investment opportunities. Efficient invest-
ment ensures that capital flows toward productive enterprises, leading to innovation, employment generation,
and overall economic progress. Furthermore, technological tools such as algorithmic trading and artificial intel-
ligence improve decision-making, reduce errors, and support sustainable portfolio management.

(iii) Market Stability and Risk Management:

Market stability is crucial for the smooth operation of financial systems and investor protection. Instabil-
ity caused by economic shocks, political uncertainty, or speculative behavior can lead to market crashes and
financial crises. Risk management strategies — including diversification, hedging, and regulatory supervision —
help maintain equilibrium and prevent systemic failure. A stable market attracts long-term investors, promotes
financial innovation, and ensures predictable economic growth. Sustainable market stability relies on strong
governance, robust financial regulations, and global cooperation among institutions.

(iv) Investor Welfare and Financial Well-being:

Investor welfare represents the confidence, safety, and psychological comfort of market participants. A well-
regulated stock market ensures investor protection, fair returns, and financial literacy. Transparency, corporate
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accountability, and ethical practices contribute to reducing fraud and market manipulation. Financial well-being
extends beyond profit—it includes mental assurance, stable savings, and responsible investment habits. Mod-
ern markets integrate digital platforms, risk alerts, and investor education programs to enhance welfare and
strengthen trust between the public and the financial system.

5.1 Importance of stock market and financial sustainability

The significance of the stock market in economic, social, and political dimensions is immense. It influences
development, wealth distribution, employment, and technological innovation. Below is a detailed account of
its importance:

(i) The stock market enables the mobilization of savings into productive investments, encouraging business
expansion and economic development. It provides firms access to capital, allowing them to innovate, expand
infrastructure, and increase employment. Furthermore, it supports entrepreneurship by providing a platform
for public funding and venture investment.

(ii) Although short-term volatility is inherent, the stock market offers long-term financial growth oppor-
tunities. Investors benefit through dividends, capital gains, and portfolio diversification. Sustainable financial
systems promote stability and protect investors from excessive risks, leading to a more secure economic future.

(iii) The stock market creates jobs directly and indirectly through financial institutions, brokerage firms,
data analytics, and technology sectors. This expansion enhances national productivity, supports fintech devel-
opment, and strengthens global financial competitiveness.

(iv) Through financial inclusion and education, the stock market improves societal welfare. It empowers
individuals to participate in economic activities, reduces wealth inequality, and promotes long-term financial
literacy. Additionally, ethical investment practices, such as ESG (Environmental, Social, and Governance) initia-
tives, align profit with social responsibility.

(v) The stock market also serves as an indicator of economic health. Fluctuations in market indices reflect
macroeconomic conditions, investor sentiment, and government policies. Sustainable stock market practices
contribute to national financial security and global economic stability.

(vi) Government regulations play a critical role in sustaining healthy stock markets. Policies encouraging
transparency, corporate governance, and digital transformation protect investors and reduce fraudulent activi-
ties. International coordination among financial regulators ensures smooth market functioning across borders.

(vii) The rise of digital trading systems and Al-driven analytics is revolutionizing financial markets. These in-
novations enhance liquidity, accuracy, and real-time decision-making. Furthermore, sustainable financial strate-
gies support climate-conscious investments, fintech innovation, and green financing—integrating finance with
global sustainability goals.

In conclusion, the stock market is essential for achieving long-term financial sustainability, economic growth,
and social development. It balances profitability with responsibility and provides the foundation for global
economic progress. The main attributes of stock market analysis are as follows:

(1) Growth Analysis:

Growth analysis in the stock market examines the expansion of financial indices, investor participation, and
sectoral performance over time. It helps identify economic trends, forecast returns, and guide policymakers in
promoting stable economic growth. By understanding growth dynamics, investors and institutions can make
informed and sustainable financial decisions.

(2) Social Impact:

The stock market’s social impact extends beyond profits—it fosters economic inclusion, job creation, and
public prosperity. By providing individuals access to investment opportunities, it reduces wealth inequality and
strengthens financial independence. Moreover, ethical investing promotes socially responsible enterprises that
contribute to environmental and social well-being.

(3) Political Impact:

Political stability directly affects stock market performance. Sound fiscal policies, anti-corruption measures,
and investor-friendly legislation foster market confidence. Conversely, political unrest and policy uncertainty
may trigger capital flight and reduce investor sentiment. A balanced relationship between politics and finance
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ensures long-term stability and growth.

(4) Economic Impact:

The economic impact of the stock market lies in its ability to stimulate investment, enhance innovation,
and accelerate GDP growth. Stock exchanges channel capital into productive sectors such as technology, man-
ufacturing, and services. They also promote competition, efficiency, and global integration of financial systems,
which in turn drive sustainable economic prosperity.

(5) Population Ratio:

The relationship between population ratio and the stock market reflects how demographic trends influence
investment behavior. Growing populations and rising middle-class segments increase the demand for invest-
ment products and financial services. Educating younger generations in financial literacy ensures a continuous
flow of informed investors, sustaining long-term capital market development.

According to the growing demands of global investors, nations are focusing on digital transformation of their
stock exchanges, improving transparency, accessibility, and sustainability to foster inclusive financial ecosys-
tems.

Problem statement:

The stock market is a fundamental pillar of modern financial systems, enabling capital formation, investment
diversification, and long-term economic sustainability. However, increasing market volatility, economic uncer-
tainty, technological disruptions, and fluctuating investor behavior have made it challenging to evaluate the
sustainability and performance of stock markets effectively. Decision-makers must thoroughly analyze financial
indicators, market behavior, and socio-economic factors to select the most appropriate development strategy
for achieving a sustainable and resilient stock market. Let £ = {G} be the set of experts with the weighting
vector (0.25, 0.45, 0.35)T. Let U = {C1, Cy, C3,C4} be the set of alternatives representing key sustainability
goals of the stock market, where C,: Market Efficiency, Cs5: Investment Efficiency, C's: Market Stability and Risk
Management, and Cj: Investor Welfare and Financial Well-being. Let X = {x1,x9,x3, 24,25} be the set of
evaluation attributes, where x1: Growth Analysis, z5: Social Impact, x3: Political Impact, x4: Economic Impact,
and x5: Population Ratio. Based on these attributes, our objective is to evaluate the best alternative among the
four stock-market sustainability goals. These attributes were selected due to their strong relevance in financial
market development, ensuring a comprehensive comparison of the sustainability dimensions. We mention that
users may assign their preferred weight vector depending on policy priorities or expert recommendations. The
information for the alternatives x; (i = 1,2, 3,4, 5) with respect to the criteria C; {C1, Ca, Cs3, Cy } is expressed
using CrC-PiSFNs. Based on this information structure, we applied the CRITIC-WASPAS technique to determine
the accuracy, weights, and ranking scores of each alternative. The corresponding information table provided
by expert G1 is displayed in Table 4, while Tables 5 and 6 present the computed attribute weights and decision
scores according to the proposed method.
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Table 4.  Original decision matrix G
X1 X2 X3 X4
0.116i27r(0.11)’ O.216i27r(0'21), 0.3167:271—(0'31), 0'4161'27r(0.41)7
0.0267;27r(0.02)’ 0‘0361'271’(0.03)’ 0‘0462'271’(0.04)7 0.056127‘—(0'05),
G 0.09€i2ﬂ(0'09), 0'18€i27r(0.18)’ 0.27€i2ﬂ-(0'27), 0.366i2ﬂ(0'36),
0_216i27r(021) 0_3162'2#(0.31) 0.11€i2ﬂ(0'11) 0‘446722#(0.44)
0.12ei27r(0.12)’ 0.226i27r(0.22)’ 0.3267:271—(0'32), 0'4261'27r(0.42)7
0.0367,’2%(0.03)’ 0.0461'271’(0.04)’ ()‘(){,')62'271’(0.05)7 0.066i27r(0'06),
C2 0.09€i2ﬂ(0'09), 0'18€i27r(0.18)’ 0.27€i2ﬂ-(0'27), 0.366i2ﬂ(0'36),
0'44ei27r(0.44) 0_3362'2#(0.33) 0.226i2ﬂ(0'22) 0‘5567)2#(0.55)
0.1361'2%(0.13)’ 0.2367;2#(0.23)’ 0.3367:271—(0'33), 0.34€i27r(0'34),
0.0467,’2%(0.04)’ 0.0561'271’(0.05)’ 0.066i27r(0'06), 0‘0761‘271'(0.07)7
3 0.096i27r(0.09)’ 0'18€i27r(0.18)’ 0.27€i2ﬂ-(0'27), 0.3661277(036)
0'226i27r(0.22) 0.336i2ﬂ(0'33) 0.226i2ﬂ(0'22) 0‘1167)27r(0.11)
0.14ei27r(0‘14)’ 0.2467;2#(0.24)’ 0.3467:271—(0'34), 0'4461'27r(0.44)7
0.0567,’2%(0.05)’ 0.066i27r(0'06), 0‘0762'271’(0.07)7 0.086i27r(0'08),
C4 0.096i27r(0.09)’ 0'18€i27r(0.18)’ 0.276&7‘-(0'27), 0'99€i277(0.99)
0'776i27r(0.77) 0.886i2ﬂ(0'88) 0.996i2ﬂ(0'99) O.66€i27r(0'66)

According to CRITIC-WASPAS technique and based on Step 2, the score and weight of each alternative of

expert GG is given below in Tables 5 and 6, we have

Table 5. Represent the score of each alternative

C1 Co Cs Cy
SCO¢g (x1) | 0.05 0.1 0.055 0.19
SCOg (x2) | 0.07 0.08 0.082 0.22 ,
SCO¢g (x3) | 0.02 0.05 0.055 0.24
SCOg (x4) | 0.1 0.13 0.027 0.16

Table 6. Represent the weights of each alternative

4 (s Cs Cy
G W1 0.1962 0.2857 0.25 0.23
G W2 0.2897 0.2142 0.37 0.26
G W3; 0.1028 0.1428 0.25 0.30
G W4i 0.4112 0.3571 0.12 0.20

Further, the ith and jth C,C-PiFW As or C,C-PiFWGs of ¢ (C;) and g, (C}) are given below by ap-
plying Definition 2.2 or Definition 3, to aggregate the attribute C; and C; of G. The results are shown in Tables
7
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Table 7. Represent the C,.C-PiFW A of ¢ (C;) based on C; of G
The C,C-PiFW A of ¢ (C;) based on C; of G
0.2995¢727(0-299)
0.038956i27r(0'03895)
¢ (Ch) 0.2605¢i27(0:2605) 7
0.3020¢27(0-3020)
0.3000¢27(0-3000)

0.90666127‘—(0'9066)7
G (02) 0.252062'271-(0'2520)

0.9714¢"7(0:9714)
0.3050¢?27(0-3050)
0.05756””(0'0575)
a (Cs) 0.247561'2#(0.2475):
0.2136¢27(0-2136)
0.3058367;271—(0'30583),
0.06656”7‘—(0'0665)
G (04) 0.23926i2ﬂ(0'2392):

0_8318€i27r(0.8318)

Further, the Accuracy of C,.C-PiFW A of ¢ (C;) based on C; of G is given below in Table 8.

Table 8. Represent the the accuracy of C,.C-PiFW Aofq (C;) basedonCiofG
Cl 02 Cg C4
Sa (Cy) 0.0755 0.02818 0.0534 0.2079

The correlation coefficient between each two attributes of expert GG is determine by

1 0.743594367 0.430019629 0.961968302
0.743594367 1 0.786622979 0.834335739
0.430019629 0.786622979 1 0.645279248
0.961968302 0.834335739 0.645279248 1

Further, we calculate the standard deviation of each attribute C; according to Step 4. The results are shown
in Table 9.

1 _

Table 9. Represent the the standard deviation of each C;
Cl CQ 03 04
0.031730309 0.074684786 0.019510051 0.030793597

Determine the index value for every attribute in C;. By using the attribute standard deviation and correlation
coefficient, we can calculate the index of every attribute based on Step 6. The results are shown in Table 10.

Table 10. Represent the index of each C;
1 Cy Cs Cy
Index 0.027428241 0.047458217 0.022203963 0.017195659

From Table 8, we can calculate the weight of each C; based on Step 7. Table 11 shows the weight of each
attribute.
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Find the CrCT-SPFWA and CrCT-SPFWG on the basis weight from the table 9.The results are shown in Table

12.

Table 11. Represent the weight of each C;

Ch Co

Cs Cy

0.239996338 0.415258072 0.194284055 0.150461536

Table 12. Represent C'rCT — SPFWA and CrC'T' — SPFWG
CrCT-SPFWA CrCT-SPFWG
0.2355210796i27r(0.235521079)’ 0.23552107967;277(0'235521079),
0_0325521O8ei27r(0.032552108)7 O.032552108€i2ﬂ(0'032552108),
UL 0.202068971¢i2m(0-202068971) 0.2029680 7] £i27(0-202968971)
O.2667035556i2ﬂ(0‘266703555) O.26670355561'2”(0'266703555)
0-245521079€i2ﬂ(0'245521079), 0_24552107967277(0.245521079)7
0_042552108ei27r(0.042552108)7 O.04255210867;271—(0'042552108),
2| | 0.202068971¢12(0-202068971) 0.20296897] £i27(0-202968971)
0'3681298896i27r(0.368129889) O.36812988961'2”(0'368129889)
0.25552107961'2#(0.255521079)’ 0.255521079€i2ﬁ(0'255521079),
0_05255210867L27r(0.052552108)7 O.052552108€i2ﬂ(0'052552108),
© 0.202968971 27 (0-202968971) 0.202968971 27 (0.202068971)
0-2491276196i2ﬂ(0'249127619) O.24912761961'2”(0'249127619)
0.2655210796i27r(0.265521079)’ 0.265521079€i2ﬂ(0'265521079),
0_06255210867L27r(0.062552108)7 O.062552108€i27r(0'062552108),
4 0.202968971 27 (0-202968971) 0.202968971 27 (0.202068971)
0.841870111¢27(0-841870111) 0.841870111¢27(0-841870111)

The score and weight of each alternative is given below in Tables 13

Table 13.  Represent Score of AM and GM
Score of CrCT-SFWA | Score of CrCT-SFWG

(o] 0.066675889 0.066675889

Co 0.092032472 0.092032472

c3 0.062281905 0.062281905

C4 0.210467528 0.210467528

In order to have improved ranking accuracy and helpfulness of the decision-making process, in the CIRTIC
WASPAS method, a more general equation for the total relative significance of alternatives. The results are

shown in Table 14

Table 14. Represent WASPAS where o = 0.1
Alternatives a S(AM) S(GM) Q1(Ch)
o 0.1 0.066675889 | 0.066675889 | 0.066675889
C'Q 0.1 0.092032472 0.092032472 | 0.092032472
Cs 0.1 0.062281905 | 0.062281905 | 0.062281905
Cy 0.1 0.210467528 | 0.210467528 | 0.210467528

Cy=Cy = C1 = Cs
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Finally calculate the values Q1,Q2, 3, and Q4. The results are shown in Table 15, 16, and 17.

Table 15. Score functions of the alternatives using different methods
Measure Q1(C1) | Q2(C2) | Q3(C3) | Qa(C4) Ranking
M. Akram et al. [29] - - - - No Ranking
J. Qu et al. [30] - - - - No Ranking
Z.Khan et al. [31] - - - - No Ranking
P. Liu et al. [32] - - - - No Ranking
Ozen Ozer [33] - - - - No Ranking
CRITIC
WASPAS 0.0667 | 0.0920 | 0.0623 | 0.2105 | Cy = Cy = C1 = Cy
A=1,=0.1

A=1,6=0.2 0.0667 | 0.0920 | 0.0623 | 0.2105 | Cy = Cy = Cy = Cs
A=1,=0.3 0.0667 | 0.0920 | 0.0623 | 0.2105 | Cy = Cy = Cq1 = C3
A=1,6=04 0.0667 | 0.0920 | 0.0623 | 0.2105 | Cy = Cy = Cq1 = C;s
A=1,8=05 0.0667 | 0.0920 | 0.0623 | 0.2105 | Cy = Cy = C1 = C3
A=1,86=06 0.0667 | 0.0920 | 0.0623 | 0.2105 | Cy = Cy = Cy = Cs
A=1,8=0.7 0.0667 | 0.0920 | 0.0623 | 0.2105 | Cy = Cy = C1 = Cy
A=1,8=0.8 0.0667 | 0.0920 | 0.0623 | 0.2105 | Cy = Co = Cq = Cs
A=1,=0.9 0.0667 | 0.0920 | 0.0623 | 0.2105 | Cy = Cy = Cy = Cs

Table 16. Ranking for A = 2 and A\ = 3 using Critic Waspas Method.

Measure Q1(C1) | Q2(C2) | Q3(Cs) | Qa(Cy) Ranking
A=2,0=0.1| 0.3457 | 0.3500 | 0.3447 | 0.3688 | Cy = Cy = C1 = (s
A=2,8=02| 0.2664 | 0.2715 0.2656 | 0.2957 | Cy = Cy = Cy = Chs
A=2,=0.3] 01871 | 0.1929 0.1865 0.2226 | Cy = Cy = Ch=Cy
A=2,3=04] 01079 | 01144 | 01074 | 01495 | Cy = Cy>=C1 = Cs
2,8=0.5| 0.0286 | 0.0359 | 0.0284 | 0.0764 | Cy = Cy > Cy = (5
,3=0.6 | -0.0507 | -0.0427 | -0.0507 | 0.0033 | C4y = Cy = C1 = Cjs
,=0.7] -01299 | -0.1212 | -0.1298 | -0.0699 | Cy = Cy = Cy = C}s
,8=0.81]-0.2092 | -0.1998 | -0.2089 | -0.1430 | C4y = Cy = C1 = Cj
,$=0.9| -0.2885 | -0.2783 | -0.2880 | -0.2161 | Cy = Cy = Cy = C}
,=0.1] 03773 | 0.3779 | 0.3760 | 0.3842 | Cy = Cy = C1 = C3
, =02 0.2879 | 0.2892 | 0.2870 | 0.3015 | Cy > Cy > Cq = (s
,0=0.3| 01985 | 0.2006 | 0.1980 | 0.2189 Cy=Cy=C1 =0C4
,0=0.4| 01090 | 0.1119 0.1090 | 0.1362 Cym=Cy=C1 = Cs
,0=0.5] 00196 | 0.0232 | 0.0201 | 0.0536 | Cy = Cy = C1 = Cjs
,3=0.6 | -0.0699 | -0.0654 | -0.0689 | -0.0291 | C4y = Cy = C1 = Cj
,0=0.7] -01593 | -0.1541 | -0.1579 | -0118 | Cy = Cy = C1 = Cjs
,3=0.8|-0.2487 | -0.2427 | -0.2469 | -0.1944 | C4y = Cy = C1 = Cj
,=0.9 ] -0.3382 | -0.3314 | -0.3359 | -0.2771 | Cy = Cy = C = C}4

Il
Lo O Lo Lo Lo WO W LN NN N
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Table 17. Ranking for A = 4 and A = 5 using Critic Waspas Method.

Measure Q1(C1) | Q2(C2) | Q3(Cs) | Qa(Cy) Ranking
A=4,4=0.1| 0.3830 | 0.3828 | 0.3816 | 0.3872 | Cy > Cy > C1 > Cy
A=4,=0.2] 0.2916 | 0.2920 | 0.2907 | 0.3024 | C4y > Cy > (C1 > C}s
A=4,8=0.3| 0.2001 | 0.2013 | 0.1998 | 0.2177 Cy>Cy>C1>0C4
A=4,4=04| 0.1087 | 0.1105 0.1089 | 0.1329 Cy>Cy>Ch>0Ch4
4,6=05| 0.0172 | 0.0197 | 0.0180 | 0.0482 | Cy4 > Cy > C1 > Cj4
,8=0.6 | -0.0742 | -0.0711 | -0.0729 | -0.0366 | Cy > Cy > C1 > Cjy
,3=0.7| -0.1657 | -0.1618 | -0.1638 | -0.1213 | Cy > Cy > C1 > Cy
,8=0.8| -0.2571 | -0.2526 | -0.2548 | -0.2061 | Cy > Cy > C| > Cj
,8=0.9 | -0.3486 | -0.3434 | -0.3457 | -0.2908 | Cy > Cy > C1 > Cj
,8=0.1| 0.3845 | 0.3841 | 0.3831 | 0.3882 | Cy>Cy>C1 >C5y
,0=0.2| 0.2925 | 0.2927 | 0.2916 | 0.3028 | Cy > Cy > Cq1 > (5
,0=0.3 | 02005 | 0.2013 | 0.2002 | 0.2174 | Cy4>Cy > Ch > (C}4
,0=04| 01085 | 01099 | 0.1088 | 0.1320 |Cy>Co>Cq1 > Cy
,0=0.5| 00165 | 0.0184 | 0.0174 | 0.0466 | Cy4 > Cy > Cy > (4
,8=0.6 | -0.0755 | -0.0730 | -0.0741 | -0.0388 | Cy > Cy > C > Cj
,3=0.7| -01675 | -0.1644 | -0.1655 | -0.1242 | Cy > Cy > C1 > Cy
,8=0.8| -0.2596 | -0.2558 | -0.2569 | -0.2097 | Cy4 > Cy > C1 > Cj
,83=0.9| -0.3516 | -0.3473 | -0.3484 | -0.2951 | Cy > Cy > C1 > Cj

R A P A
I
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let E = {G1,G2,G3} be the set of experts with the weighting vector (0.45, 0.35, 0.25)7. LetUd =
{C1,C4,C3,Cy4} be the set of alternatives representing key sustainability goals of the stock market, where
C4: Market Efficiency, Cs: Investment Efficiency, C's: Market Stability and Risk Management, and Cj: Investor
Welfare and Financial Well-being. Let X = {1, z2, x3, x4, 25} be the set of evaluation attributes, where z;:
Growth Analysis, x4: Social Impact, x3: Political Impact, z4: Economic Impact, and x5: Population Ratio. Based
on these attributes, our objective is to evaluate the best alternative among the four stock-market sustainability
goals. These attributes were selected due to their strong relevance in financial market development, ensuring a
comprehensive comparison of the sustainability dimensions. We mention that users may assign their preferred
weight vector depending on policy priorities or expert recommendations. The information for the alternatives
x; (i = 1,2,3,4,5) with respect to the criteria C; {C4, Cs, C3, Cy} is expressed using CrC-PiSFNs. Based on
this information structure, we applied the CRITIC-WASPAS technique to determine the accuracy, weights, and
ranking scores of each alternative. Thus, we considered our procedure and tried to evaluate our targeted result.
Tables 18, 19 and 20 represent the information table given by expert G1, G2, and G3.
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Table 18.  Original decision matrix G
X1 X2 X3 X4
O.6€i27r(0'6), 0_561'27r(0.5)7 0.46127r(0.4), 0_36i27r(0 3)7
0‘5ei27r(0.5)’ 0.46127‘—(0'4), 0‘36i27r(0.3), 0 2€i27r(0.2),
G 0'461'2#(0.4) 0.3ei27r(0.3) 0'262'271’(0.2) 0_1ei27r(0 1)
0_3ei27r(0.3) 0.267271—(02) 0.1ei27r(0.1) 0'1672277(0 1)
0.761'2#(0.7)7 0_6€i27r(0.6)’ 0.56752#(0.5), 0_46i27r(0 4)7
0.66i27r(0'6), 0.56127‘—(0'5), 0‘467ﬁ27r(0.4), 0 3ei27r(0 3)’
C2 0'561'2#(0.5) 0.461'2#(0.4) 0'362'271’(0.3) 0_261'2#(0 2)
0_46i27r(0.4) 0'3€i27r(0.3) 0.26i27r(0.2) 0.167:271—(0 1)
O.8€i27r(0'8), 0'7€i27r(0 7)’ 0.66i27r(0'6), 0_561'27r(0.5)7
0.762m(0.7) 0.6¢i27(0.6) 0.5¢i27(05) 0.4¢i27(0.4).
3 0'661'2#(0.6) 0_561'2#(0 5) 0'461'271’(0.4) 0'3€i27r(0.3)
0_56i27r(0.5) 0'4€i27r(0 4) 0.3ei27r(0.3) 0.267:271—(0'2)
0.961'2#(0‘9)7 0'8€i27r(0 8)’ 0.761'2#(0.7)’ 0 66i27r(0'6),
O.86i27r(0'8), 0 7ei27r(0 7)’ 0.66i2ﬂ(0'6), 0.561271—(0'5),
C4 0'761'2#(0.7) 0_661'2#(0.6) 0.5€i2ﬂ(0'5) 0'461‘2#(0.4)
0_66i27r(0.6) 0 5€i27r(0 5) 0.46i27r(0.4) 0 3ei277(0.3)
Table 19.  Original decision matrix G
X1 X2 X3 X4
O.56i2ﬁ(0'5), 0'4€i27r(0 4)’ 0‘361'271’(0.3)7 0'2ei27r(0 2)7
0.6€i27r(0'6), 0 5ei27r(0.5)’ 0‘461'2%(0.4), 0.361'271'(0.3)’
G 0.761'271'(0.7) 0.6€i27r(0 6) O.5€i2ﬂ(0'5) 0_4ei27r(0 4)
0'8€i27r(0.8) 0'7ei27r(0 7) 0.66i27r(0'6) 0'562'2#(0.5)
O.46i27r(0'4), 0'3€i27r(0 3)’ 0‘26i27r(0.2)7 0'1ei27r(0 1)’
0‘5ei27r(0.5)’ 0 4ei27r(0 4)’ 0.3€i2ﬂ(0'3), 0.261'271'(0 2)’
C2 0.6€i27r(0'6) 0_561'2#(0 5) O.4€i2ﬂ(0'4) 0_3ei27r(0.3)
0.7€i27r(0.7) 0 66i27r(0 6) 0.56i27r(0.5) 0 4¢127(0.4)
O‘3€i27r(0.3)7 0'2€i27r(0.2)’ 0‘16i27r(0.1)7 0 1¢%27(0.1)
0.4€i27r(0'4), 0.3ei27r(0.3) 0.2€i2ﬂ(0'2), 0.161'271'(0.1)’
3 0.567;27T(0'5), 0_461'27r(0.4)7 0.361'271”(0.3)’ 0_2€i277(0.2)
0.6€i27r(0.6) 0.5¢27(0.5) 0.46i27r(0.4) 0'36i27r(0.3)
0.26i27r(0.2) 0'16i27r(0.1) 0.16i27r(0.1) 0'1€i27r(0.1)
O.3€i2ﬂ(0’3) 0.261'2#(0.2) 0.1€i2ﬂ(0'1) 0.16i2ﬂ(0'1)
C4 0.467;27T(0'4), 0_361'27r(0.3)7 0.261271”(0.2)’ 0_16i277(0.1)
0.5€i27r(0.5) 0.4¢127(0.4) 0.3€i27r(0.3) 0'26i27r(0.2)
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Table 20.  Original decision matrix G
X1 X2 X3 X4
0.461'2#(0.4)7 0_36i27r(0.3)’ 0.26127r(0.2)’ 0_16i27r(0 1)7
0.5¢i27(05), 0.4¢i27(04) 0.3¢i27(03) 0.2¢i27(02)
G 0'661'2#(0.6)’ 0.5ei27r(0.5)’ 0.4€i2ﬂ(0'4), 0_3ei27r(0 3)7
0_7ei27r(0.7) 0.6€i27r(0'6) 0.5ei27r(0.5) 0'4672277(0 4)
0.561'2#(0.5)7 0_4€i27r(0.4)’ 0.36752#(0.3)’ 0_26i27r(0 2)7
0.6¢i27(06), 0.5¢i27(05) 0.4¢i27(04) 0.3¢i27(03)
C2 0.7€i2ﬂ(0'7), 0.66i2ﬂ(0'6), 0.5€i2ﬂ(0'5), 0_4ei27r(0.4)’
0_86i27r(0.8) 0.767271—(07) 0.66i27r(0'6) 0.567:271—(0 5)
O.6€i2w(0'6), 0_5€i27r(0.), 0.46752#(0.4)’ 0_161'27r(0.1)7
0‘7ei27r(0.7)’ 0.66i27r(0'), 0‘567,’2%(0.5), 0.4ei27r(0.4)’
3 0'861'2#(0.8)’ 0_761'2#(0.), 0.6€i27r(0'6), 0'5€i27r(0.5)
0_96i27r(0.9) 0.8€i27r(0') 0.76i27r(0.7) 0.667:271—(0'6)
O.7ei27r(0‘7)7 0.6€i27r(0'), 0.561'2#(0.5)’ 0_461'27r(0.4)7
0‘767,’2%(0.7)’ 0.66i27r(0'), 0‘567,’2%(0.5), 0.4ei27r(0.4)’
C4 0'861'2#(0.8)’ 0_761'2#(0.), 0.6€i27r(0'6), 0'5€i277(0.5)
0_96i27r(0.9) 0.8€i27r(0') 0.76i27r(0.7) 0.667:271—(0'6)

According to CRITIC-WASPAS technique and based on Step 2, the accuracy and weight of each alternative
of expert (1, the accuracy and weight of each alternative of expert (G5, and the accuracy and weight of each
alternative of expert Gs.

Further, the ith and jth C,.C-PiF'W As or C,.C-PiFW Gs of g, (C’i)Pi and g, (Cj)Pf are given below by

applying Definition 2.2 or Definition 3, to aggregate the

Table 21. Represent the C,.C-PiFW A of &, (C’i)Pi based on C; of G1, G, and G3

C,C-PiFW A of G, C,C-PiFW A of G2 C,C-PiFW A of G3
0.4877€i2ﬂ(0'4877), 0.3750€i2ﬂ-(0'3750), 0.2812€i2ﬂ(0'2812),
o 0.3877¢/2m(0-3877) 0.4750¢27(0-4750) 0.3812¢127(0-3812)

Gy ( 1) 0.28776””(0'2877) 0.5750¢27(0.5750) 0‘4812€i27r(0.4812)
0.202061'2#(0.2020) 0.675061'27((0‘6750) 0_581261'2#(0.5812)
0.58126i2ﬂ(0'5812), 0.2812€i2ﬂ-(0'2812), 0.3750€i2ﬂ(0'3750),
o | | 04812e27(04812), 0.3812¢12m(0-3812), 0.4750¢27(0-4750)

6 (@) 0.3812¢727(0:3812) 0.4812¢727(0-4812) 0.5750¢i27(0.5750)
0.2812€i27r(0'2812) 0.581261'27((0‘5812) 0_675061'2#(0.6750)
0.67506i2ﬂ(0'6750), 0.2020€i2ﬂ-(0'2020), 0.4404€i2ﬂ(0'4404),
CPs | | 0575020570, 0.2877¢i27(0-2877), 0.5744¢i2m(0.5744),

Gy ( 3) 0‘47506i27r(0.4750) 0.38776i27r(0'3877) 0.6744€i27r(0'6744)
O-3750€i2ﬂ(0'3750) 0.4877€i27r(0'4877) 0_774461'2#(0.7744)
0.77086i2ﬂ(0'7708) 0.1388€i2ﬂ(0'1388) 0.5700€i2ﬂ(0'5700)
o 0.6708¢27(0-6708) 0.2055¢27(0-2055) 0.5700¢27(0-5700)

Gy ( 4) 0.57086127‘—(0'5708) 0.29166i27r(0'2916) 0.670061271—(0'6700)
0.4708€i2ﬂ(0'4708) 0.39166752#(03916) 0_77006i27r(0.7700)

Based on Step 3, the combined correlation coefficient T;; is
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1 0.996561717 0.992331783. 0.987886091

Y. — 0.996561717 1 0.994634873  0.992489122

7 0.992331783  0.994634873 1 0.993809195
0.987886091 0.992489122 0.993809195 1

Using Step 5, we calculate the simple standard deviation SD; of each C;. The results are shown in Table
22.

Table 22. Represent the the standard deviation of each P;
Ch Cy Cs3 Cy
SD; 0.109419151 0.114564392 0.109419151 0.090597724 |

Determine the index value for every attribute in C;. By using the attribute standard deviation and correlation
coefficient, we can calculate the index of every attribute based on Step 6. The results are shown in Table 23.

Table 23. Represent the index of each C;
Cl CQ Cg C4
Index 0.002540757 0.001869036 0.00210349 0.002338834 |

From Table 23, we can calculate the weight of each C; based on Step 7. Table 24 shows the weight of each
attribute.

Table 24. Represent the weight of each C;
Ch Co Cs Cy
0.287022548 0.211140037 0.237625623 0.264211792 |

A more effective technique is needed to select the optimal scheme among several when the attribute
weight is unidentified, a circumstance that CRITIC can manage. The following step provides the optimal rank-
ing and selection criteria. Based on Step 8,using C,.C-PiFW A and expert’s weights, we can utilize overall
G (Cij)PTto G (Ol-j)PT obtain the combine group decition matrix G = [G (G -)PT} , Wwhere ¢ (C’ij)PT =

mXn
+im

<770,~ 2™ pe, €m0

shows the matrix G = [G (C; -)PT} ,where wg, = 0.25, wg, = 0.45 and wg, = 0.2.
mXn

. +im . +im
o, € 2TET p (2T >,Wherei — 1,2,3,..m,j = 1,2,3,..n. Table 24
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Table 25 Represent the combine group decision matrix G
X1 X2 X3 X4
0.54567:271—(0'545), 0'446i27r(0.44)7 0.3186i2ﬂ(0'318), 0.23672271'(0.23)7
0.516i27r(0.51) 0.4056i2ﬂ(0'405) 0.5486i27r(0'548) 0.19561271—(0'195)
G 0.475€i2ﬂ-(0'475) 0.586i2w(0'58) 0.452€i2ﬂ(0'452) 0.79€i2ﬂ-(0'79)
0'59€i27r(0.59) 0.4856&”(0'485) 0.4486i27r(0'448) 0.326i2ﬂ(0‘32)
0_5861'271'(0.58), 0_4756752#(0.475), 0'3761'27r(0.37)7 0.2658i27r(0'265),
0.54561'2#(0.545)’ 0'44ei27r(0.44)’ 0.3356i2ﬂ(0'335), 0‘2361'271’(0.23)’
C2 0_4462'271'(0.44) 0_54562'271’(0.545) 0.65€i2ﬂ(0'65) 0'75561'2#(0.755)
0.625€i2w(0'625) 0.5267:271—(0'52) 0‘415ei27r(0.415) 0_316i27r(0.31)
0.61567:271—(0'615), 0'516i27r(0.51)7 0.4056i2ﬂ(0'405), 0.285€i27r(0'285),
0.586i27r(0'0'58) 0.4756i2ﬂ(0'475) 0‘376i27r(0.37) 0.26561271—(0'265)
3 0.405€i277(0.405) 0.516i2ﬂ(0'51) 0.6156127‘-(0'615) 0'72€i277(0.72)
0.66€i27r(0'66) 0.55560”(0'555) 0.456722#(0.45) 0‘3456i27r(0.345)
0'6561'271'(0.65), 0'54:5')67;2#(0.545)7 0.4756i2ﬂ(0'475), 0'4056127(0.405)’
0.59607‘—(0'59), 0.4856i27r(0'485), 0.386i27r(0'38), 0‘3161'271’(0.31)’
C4 0.395€i277(0.395) 0'5€i27r(0.5) 0.6056127‘-(0'605) 0'71€i277(0.71)
0'67€i27r(0.67) 0.56560”(0'565) 0.466i27r(0'46) 0‘3556i27r(0.355)

Using the data of table 25 to calculate the final values Q1,Q2, @3, and Q4. The results are shown in Table

26,.27, and 28
Table 26. Score functions of the alternatives using different methods
Measure Q1(C1) | Q2(C2) | Q3(C3) | Qu(Cy) Ranking

Kadyan et al. [34] - - - - No Ranking

Mahmood et al. [35] - - - - No Ranking

Garg [36] - - - - No Ranking

Wei [37] - - - - No Ranking

Wei [38] - - - - No Ranking

Ali et al. [20] - - - - No Ranking
():\Rlzﬂi \gisZAls 0.4593 | 0.4699 | 0.4864 | 0.5076 | C4 = C3 = Cy = C;
A=1,6=0.2 0.4593 | 0.4699 | 0.4864 | 0.5076 | Cy = C3 = Cy = (4
A=1,=0.3 0.4593 | 0.4699 | 0.4864 | 0.5076 | C4 = C3 = Cy = C;
A=1,6=04 0.4593 | 0.4699 | 0.4864 | 0.5076 | Cy = C3 = Cy = C
A=1,=0.5 0.4593 | 0.4699 | 0.4864 | 0.5076 | C4 = C3 = Cy = C;
A=1,8=0.6 0.4593 | 0.4699 | 0.4864 | 0.5076 | Cy = C3 = Cy = Cy
A=1,8=0.7 0.4593 | 0.4699 | 0.4864 | 0.5076 | Cy = C3 = Cy = C;
A=1,8=0.8 0.4593 | 0.4699 | 0.4864 | 0.5076 | Cy = C3 = Cy = C;
A=1,=0.9 0.4593 | 0.4699 | 0.4864 | 0.5076 | Cy = C3 = Cy = C;
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Table 27. Ranking for A = 2 and A = 3 using Critic Waspas Method.

Measure Q1(C1) | Q2(C2) | Qs3(Cs) | Qa(C4) Ranking
A=2,=0.1| 0.6058 | 0.6067 | 0.6095 | 0.6136 | Cy = C3 = Cy = C}
A=2,0=0.2 | 06044 | 0.6059 | 0.6093 | 0.6139 | Cy = C3 = Cy = (4
A=2,8=0.3] 06030 | 0.6051 | 0.6092 | 0.6143 | Cy = C3 = Cy = C4
A=2,=0.4| 06016 | 0.6042 | 0.6090 | 0.6147 | Cy4 = C3 = Cy = C
A=2,8=0.5] 0.6003 | 0.6034 | 0.6088 | 0.6150 | Cy = C3 = Cy = C4
A=2,=0.6 | 0.5989 | 0.6026 | 0.6086 | 0.6154 | Cy = C3 = Cy = C
A=2,8=0.7] 0.5975 | 0.6018 | 0.6085 | 0.6158 | Cy = C3 = Cy = (4
A=2,=0.8]| 0.5961 | 0.6010 | 0.6083 | 0.6161 Cy = C3+=Cy = (4
A=2,6=0.9]| 05947 | 0.6002 | 0.6081 | 0.6165 | Cy = C3 = Cy = C}
A=3,4=0.1| 0.6033 | 0.6028 | 0.6037 | 0.6049 | Cy = C3 = Cy = C}
A=3,0=0.2| 06019 | 0.6021 | 0.6036 | 0.6054 | Cy > C5 = Cy = C;
A=3,4=0.3| 0.6006 | 0.6014 | 0.6035 | 0.6058 | Cy = C3 = Cy = C}
A=3,0=04 | 0.5992 | 0.6007 | 0.6034 | 0.6063 | Cy = C3 = Cy = (4
A=3,8=05] 05979 | 0.6000 | 0.6033 | 0.6067 | Cy = C3 = Cy = C4
A=3,=0.6 | 05965 | 0.5992 | 0.6033 | 0.6071 | Cy = C3 = Cy = C}
A=3,8=0.7] 05952 | 0.5985 | 0.6032 | 0.6076 | Cy = C3 = Cy = C4
A=3,=0.8| 0.5938 | 0.5978 | 0.6031 | 0.6080 | Cy = C3 = Cy = C
A=3,8=09 | 05925 | 0.5971 | 0.6030 | 0.6085 | Cy = C3 = Cy = C4

Table 28. Ranking for A = 4 and A = 5 using Critic Waspas Method.

Measure Q1(C1) | Q2(C2) | Q3(C3) | Qa(Cla) Ranking
A=4,8=0.1] 05971 | 0.5966 | 0.5971 | 0.5978 | Cy > C3 > Cy > (4
A=4,6=0.2| 05959 | 0.5960 | 0.5971 05983 | Cy >C3>Cy>C4
A=4,=0.3]| 05947 | 05954 | 0.5971 | 0.5987 | Cy > C5 > Coy > (4
A=4,=04| 05935 | 05948 | 0.5971 | 0.5992 | Cy > C5>Cy > C}
A=4,0=0.5| 05923 | 0.5943 | 0.5971 | 0.5996 | Cy > C3>Cy >
A=4,=0.6 | 0.5911 | 0.5937 | 0.5971 0.6001 | Cy>C3>Cy > (C4
A=4,86=0.7| 0.5899 | 0.5931 | 0.5971 0.6005 | Cy > C3>Cy > (4
A=4,5=0.8| 0.5888 | 0.5925 | 0.5971 0.6010 | Cy > C3>Cy > (C4
A=4,6=09 | 05876 | 0.5919 | 0.5971 | 0.6014 | Cy > C3 > Cy > C;
A=5=0.1] 05936 | 05931 | 0.5937 | 0.5942 | Cy > C5>Cy >}
A=5,=0.2| 05925 | 0.5927 | 0.5937 | 0.5946 | Cy > C3>Cy > C;
A=5,83=03] 05914 | 0.5922 | 0.5938 | 0.5951 | Cy > C3>Cy > (4
A=5,=04] 05903 | 05917 | 0.5938 | 0.5955 | Cy > C5>Cy > C)
A=5,6=05]| 05893 | 0.5912 | 0.5939 | 0.5960 | Cy > C3 > Cy > C
A=5,=0.6 | 05882 | 0.5907 | 0.5940 | 0.5965 | Cy > C3 > Cy > (C}
A=53=0.7] 05871 | 0.5903 | 0.5940 | 0.5969 | Cy > C3 > Cy > (4
A=05,=0.8| 05860 | 0.5898 | 0.5941 | 0.5974 | Cy > C3 > Cy > C
A=58=09| 0.5850 | 0.5893 | 0.5942 | 0.5978 | C4 > C3 > Cy > C;

6. Comparative analysis of the proposed methods

This section aims to highlight the advantages and effectiveness of the proposed decision-making method-
ology through quantitative comparison with several existing approaches. The detailed comparison procedure is

outlined below.
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6.1 Comparative analysis for picture fuzzy set environment

Based on the data in Tables 4, 14, 15, 16, and 17, we compare the suggested techniques (CRITIC-WASPAS,
CrC-PiFW AM, and CrC-PiFW G M) with several existing operators. When comparing the suggested tech-
niques with the existing approaches, the best and top-ranked alternatives remain the same, demonstrating the
reliability and practicability of the proposed work. The existing operators employed for comparison in this study
include: Akram et al. [29], who proposed a decision-making model under complex picture fuzzy Hamacher ag-
gregation operators; Qu et al. [30], who developed an innovative decision-making approach based on correla-
tion coefficients of complex picture fuzzy sets with applications in cluster analysis; Khan et al. [31], who intro-
duced distance measures and their applications to decision making, medical diagnosis, and pattern recognition
under complex picture fuzzy sets; Liu et al. [32], who extended power aggregation operators for decision mak-
ing based on complex picture fuzzy knowledge; and Ozer [33], who proposed Hamacher prioritized aggregation
operators based on complex picture fuzzy sets and their applications in decision-making problems.

In comparison to other approaches already in use, our suggested alternative selection methodology based
onthe CrC-PiFW AM and CrC-PiFW G M techniques with entropy measure is more flexible and efficient.
According to all procedures, C, is the best alternative, as indicated in Tables 15, 16 and 17, however various
computation stages are used by various techniques. For instance, the authors of the current approaches em-
ployed the Crcular Complex Picture fuzzy weighted arithmetic mean and Crcular Complex Picture fuzzy weighted
geometric mean operators to aggregate the information, however in the suggested method, we used the CrC-
PiFW AM and CrC-PiFW GM methodologies with weight to aggregate crcular complex Picture fuzzy infor-
mation. Furthermore, we employed various A, 3 values and ranked the P;(i = 1,2, 3,4) options according to
the CrC-PiF'W AM and CrC-PiF'W G M operator in Tables 15, 16 and 17.

In addition, we observed some intriguing discoveries, which are explained in more detail below:

1. Akram et al. [29], Qu et al. [30], Khan et al. [31], Liu et al. [32], and Ozer [33] developed operators that
facilitate decision-making regarding parameter values and provide effective measures. However, it should
be noted that these operators only handle membership, non-membership, and hesitant degrees in the
complex form.

numbers, leading to frequent destruction of information. It follows that the suggested work is better
than these existing approaches because we also define the radius .

2. The ideal option does not change, according to the results displayed in Tables 15 16 and 17, although
the theories structures are completely different. For example, in the context of the PiSFS, we calculated
the results by setting the C-PiFS judgment of the CrC-PiFS to zero, and setting the Crg-ROFS judgment
to zero for the CT-SFSs. Consequently, some information will be lost in the findings that relate to them.
As indicated in Tables 15, 16 and 17, this causes the findings of the suggested technique to be ranked
differently. Thus, it is clear that the suggested approach takes into account the contextual element and
produces results by adjusting the evaluation using data that is concurrently collected by both C-PiFS and
Crg-ROFS

3. Compared with the current approaches in the Complex Picture fuzzy environment, and Circular rung or-
thopair fuzzy fuzzy environment, the presented method offers significantly more information for handling
data ambiguities. It provides a more accurate and precise statement of the object-related knowledge. As
such, it is an invaluable mechanism for handling vague and perplexing information when making deci-
sions.

4. We have thoroughly compared the performance of these operators using a variety of metrics, including
accuracy, precision, and recall, in order to show the advantages of our suggested mean operators over
current methods like Akram et al. [29], Qu et al. [30], Khan et al. [31], Liu et al. [32], and Ozer [33]. Our
evaluation’s findings demonstrate that our suggested mean operator continually performs better than
the other strategies taken into account across all the measures examined, offering compelling evidence
for its application in real-world decision-making situations.
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An overview of the ideal score values and the order in which the alternatives are ranked is provided
in Tables 15, 16 and 17. Looking at these tables, we can see that the optimal choice agrees with the
outcomes of our suggested strategy. This demonstrates the consistency and efficacy of our suggested
strategy when compared to the marketplace’s most advanced techniques. It’s also critical to remember
that our suggested approach’s computing process is different from previous approaches used in different
contexts. But when it comes to making decisions, the outcomes of our suggested strategy are more in line
with actuality. This is essentially one of the key factors in making decisions that our method considers is
the consistent degree of prioritization throughout the points of view in pairings. Our suggested method
is more sensible and useful in real-world situations because of this aspect.

5. Conclusively, the operators that have been suggested consider the decision maker’s parameters, A and
B, thus providing them with an increased range of choices. The reason for this is that the decision-
maker can choose the option that most effectively fits their requirements and preferences due to the
alternative’s ratings varying depending on the parameterization values of A, and 3. With the help of this
characteristic of the suggested operators, the decision-maker has greater control and autonomy over the
entire procedure.Tables 15, 16 and 17 show that solutions Akram et al. [29], Qu et al. [30], Khan et al. [31],
Liu et al. [32], and Ozer [33] are insufficient to solve the problem since they don’t meet the standards of
the CrC-PiFS.

6. Tables 16 and 17 make it clear that different alternatives receive different scores depending on the results
of characteristics A and 3. The alternatives are still ranked in the same order. The ranking results show
that Cy = Cy = C1 = C3for A = 1,2,3,4,5. Variations in parameters do not significantly affect
the ranking order of the alternatives, which is a strong indication of the robustness and stability of the
suggested technique. This result reinforces the applicability of the suggested approach for real-world
decision-making settings and boosts our confidence in its dependability.

Comparative analysis for C'rC-PiF environment

In order to evaluate the effectiveness of the proposed aggregation operators, this subsection contrasts sev-
eral existing aggregation operators. The existing operators used for comparison in this study include: Kadyan
et al. [34], who applied picture fuzzy set theory to reliability and risk analysis of complex industrial systems;
Mahmood et al. [35], who developed complex picture fuzzy soft power aggregation operators for multi-attribute
decision making; Garg[36], who established picture fuzzy aggregation operators and their applications; Wei[37],
who explored picture fuzzy aggregation operators and their applications; and Wei [38], who proposed picture
fuzzy Hamacher aggregation operators. Then, using the data from Tables 18, 19, 20, 25, 26, 27 and 28, we perform
a comparative analysis, which are detailed in Tables 26, 27 and 28. Our suggested techniques (CrC-PiFW AM
and CrC-PiFW G M) has change the no ranking as the operators defined by Qu et al. [30] and Ali et al. [20]. It
is evident from Tables 26, 27 and 28 that the scores assigned to various alternatives vary based on the variables
Aand 3. For A = 1, 2, 3, 4, 5 the alternatives remain ordered in the same sequence, Cy = Cy = C7 = (4.
The ranking order of the alternatives remains unaffected by changes in parameters, indicating the stability and
robustness of the proposed method. This outcome increases our trust in the suggested approach’s reliability
and validates its application for real-world decision-making contexts. A more thorough look at the previous dis-
cussion makes it clear that the recommended operators include the current aggregation operators in different
situations. This realization highlights the methodology’s adaptability and versatility, as it can appropriately re-
spond to various conditions and produce more sophisticated answers. The suggested technique offers a more
comprehensive framework for handling decision-making situations that can satisfy a wider range of preferences
and requirements by combining the current aggregation operators. Tables 26, 27 and 28 present a comparative
analysis of the suggested methodology with other alternative approaches, highlighting their distinct features.
This comparison helps to demonstrate how effective the suggested method is at managing a variety of decision-
making scenarios.
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Significance of the proposed model

1. CrC-PiF arithmetic and geometric mean aggregation operators offer a high degree of flexibility when
aggregating confusing data. These operators have been effectively applied in domains such as expert
systems, data fusion, pattern recognition, and decision-making. Their ability to handle complicated and
unpredictable information makes them suitable for managing ambiguous and inaccurate real-world sit-
uations. Their unique approach to data aggregation yields findings that are more reliable and accurate,
assisting decision-makers in a range of applications in making better decisions.

2. Stock Marketing risk assessment involves numerous variables and interdependent factors that are often
difficult to clearly identify. By applying generalized fuzzy logic and mathematical modeling, these methods
can capture the inherent uncertainty and imprecision in the decision-making process, leading to more
reliable and accurate evaluations of Stock Marketing risks. This enhanced precision allows organizations
to perform better comparisons and make more informed decisions when selecting the most effective
Stock Marketing strategies and protective measures.

3. Tables 26, 27 and 28 make it clear that different alternatives receive different scores depending on the
results of characteristics A and 3. The alternatives are still ranked in the same order Cy = C3 = Cy >
Cy for A = 1,2,3,4,5. Variations in parameters do not significantly affect the ranking order of the
alternatives, which is a strong indication of the robustness and stability of the suggested technique. This
result reinforces the applicability of the suggested approach for real-world decision-making settings and
boosts our confidence in its dependability.

4. Upon meticulous examination, it has been ascertained that the proposed operators consider the param-
eters of the DMs, )\ and 5. These parameters afford DMs a wide array of options from which to select,
given the different scores assigned to each alternative according to various parametric values of A and
5. Consequently, the suggested operators give DMs the freedom to choose alternatives that correspond
with their particular preferences, depending on how the alternatives are assessed using various values
of Aand 3.

Table 29 (a) Comparative study of proposed and existing methods

Generality and

Whether deals Methods for Criteria weights flexibility of the

Methods with group

decision making? aggregation calculation aggregation
operators

Akram et al. [29] Yes Nil Direct Nil
Qu et al. [30] Yes Nil Direct Low
Khan et al. [31] Yes Nil Direct Nil
Liu et al. [32] Yes Nil Direct Nil
Ozer [33] Yes Nil Direct Nil
Kadyan et al. [34] Yes Nil Direct Low
Mahmood et al. [35] Yes Nil Direct Nil
Garg [36] Yes Nil Direct Nil
Wei [37] Yes Nil Direct Nil
Wei [38] Yes Nil Direct High
Ali et al. [20] Yes Nil Direct Low

Proposed Method Yes TOPSIS CRITIC High
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Table 29 (b) Comparative study of proposed and existing methods

Whether captures Whether captures

Methods Circular Four parameters Ranklng of
. . . . alternatives

information? information?
Akram et al. [29] No No No ranking
Qu et al. [30] No No No ranking
Khan et al. [31] No No No ranking
Liu et al. [32] No No No ranking
Ozer [33] No No No ranking
Kadyan et al. [34] No No No ranking
Mahmood et al. [35] No No No ranking
Garg [36] No No No ranking
Wei [37] No No No ranking
Wei [38] No No No ranking
Ali et al. [20] No No No ranking

Proposed Method Yes Yes Yes

7. Conclusion

The purpose of this study, we discussed the notion of complex operational laws for C'rC-PiFNs. Based
on complex operational laws under C'rC-PiFNs, we offered the idea of Circular Complex PiSF weighted arith-
metic mean aggregation operator (Cr(C-PiFWAM), Circular Complex PiSF ordered weighted arithmetic mean
aggregation operator (CrC-PiFOWAM), Circular Complex PiSF weighted geometric mean aggregation opera-
tor (C'rC-PiFWGM) and Circular Complex PiSF ordered weighted geometric mean aggregation operator (CrC-
PiIFOWGM). Additionally, we go into extensive detail on the newly suggested multi-attribute group decision
process that is based on the complex picture fuzzy preference environment. The paper also looks into and
analyses the different advantageous aspects of these operators. Lastly, we offer a framework that takes into
account various permutations of the parameters A and 3 in order to tackle decision-making problems. We used
the artificial intelligence tools in education system problem to further verified the feasibility of the approach.
The decision-maker has a variety of opportunities for decision evaluation using this technique, which also in-
creases the adaptability of the suggested operators. while comparing the suggested operators and their related
methodologies with various available operators, it becomes clear that the former provides the decision-maker
with a more favorable, genuine, and consistent strategy while gathering data to make choices. Considering five
important factors, the current investigation integrated feedback from specialists in five distinct choices. Future
studies could broaden the scope by include more choices and qualities in order to confirm the findings of this
one. According to the study, the options’ ranking order should stay the same for different values of A, and (.
Furthermore, this technique is widely applicable and can be used to tackle a range of decision-making difficulties
such as medical assessment, domestic aviation assessments, handling medical waste, and evaluation of medical
waste treatment methods.

Furthermore, we highlight some meaningful future study options below:

(i) We will introduce a novel decision-making method that combines the WASPAS method with our pro-
posed models. We will applying this method to a real multiple conditional attributes in addition to multiple
decision attributes problems of selecting the best building shape, risk assessment, dynamic decision making,
business and marketing management, human resource management. Through comparative analysis, parame-
ter analysis, and experimental analysis, we will demonstrating the effectiveness and feasibility of our proposed
methods.

(ii) We will establish a three way decision model according to our novel approach of CrC-PiFWAM and
CrC-PiFWGM from multisource fuzzy information and their applications to conflict analysis problems.

(iii) We will apply the suggested methodology to large-scale group decision-making and base the attribute
weights on user feedback gathered through social media.
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